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—13=0, 6x—5y+421=0. 637. x+y—2=0. 638. At the point (I, 0):

y=2x—2; y=l;x; at the point (2, 0): y=—x4-2; y=x—2; at the point

(3, 0): y=2x—6; =32—_x. 639. 14x—13y+412=0; 13x+ 14y—41=0.
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640. Hint. The equation of the tangent is 2—;‘-+2l-=1. Hence, the tangent

crosses the x-axis at the point A (2x, 0) and %he y-gxis at B (0, 2y,). Finding
the midpoint of AB, we get the point (x,, y,). 643. 40°36'. 644. The para-

bolas are tangent at the point (0,0) and intersect at an angle
arctani%8°8’ at the point (1,1). 647. S;=8,=2; t=n=2V 2.

7
648 ! 652 T—QasinLtan-t—' N——2asinL- S —2asin’t—tant— ;
"2’ : - 2 2 T 2 °t— 2 2°
S,=asint. 653. arctan%. 654. —J;—+2(p. 655. S;=4n%; S,=aq;
t=2na Vl+4n'; n=a l/l+4n2; tanp=2n. 656. S;=a; S,= a

(F.oz 5
t=l/a’+gz; n=%Va’+Q;; tanp= —q,. 657. 3 cmjsec; 0; —9 cin/sec

658. 15 cm/sec. 659. —% m/sec. 660. The equation of the trajectory isy==x tan a—

g . v Ysin 2a
P — The range is _— The velocity,
202 cos*a g
V 5 - T i . . Ugsina—gt
v, — 20,8t sin o + g2t the slope of the velocity vector is ———_Uo oS &

Hint. To deterinine the trajectory, eliminate the parameter ¢ from the given
system. The range is the abscissa of the point A (Fig. 17). The projections
of velocity on the axes are %—; and S—It/ The magnmitude of the velocity is

1/(%)2.{_(%%)3; the velocity vector is directed along the tangent to the

trajectory  661. Diminishes with the velocity 0.4  62. %, ;)
663. The diagonal increases at a rale of ~ 3.8 cm/sec, the area, at a rate
of 40 cm?jsec 664. The surface area increases at a rate of 0 2m m?jsec,

the volume, at arate of 0.05 1 m?jsec. 665. %— cm/sec 666. The mass of the rod

s 360 ¢, the densily at M is 5x gjcm, the density at A is 0, the density
at B is 60g/cm. 667. 56x°4-210x% 668. e*' (4x®--2). 669. 2 cos2x

— z —
0. 2U=X) gy __—% 672.  2arctanx+ .
3 (14 %)% V(a‘+x=)’ 1 4-x%
2x arc sinx 1 x
673. -— . 674. —cosh — . 679. y'''=6. 680. [’’’ (3)=4320
1—x2 (1—x¥)'f a a y e
681. yv=(x_12_——41)—,. 682. yV'= —64sin2x 684. 0; 1; 2; 2. 685, The velocity

is v=>5; 4997; 4.7. The acceleration, a=0; —0.006; —0.6. 686. The law
of motion of the point M, is x=acoswt; the velocity at time ¢ is
—ao sinot; the acceleration at time ¢ is —aw?cosot. Initial velocity, 0;
initial acceleration: —aw? velocity when x=0 is —aw; acceleration when
x=0 is 0. The maximum absolute value of velocity is aw; the maximum
absolute value of acceleration is aw®. 687. y'™ =nla". 688. a) nl(1—x)~"+0,
3. (2n—
b) (—1yrer i3 @) ggy g gin (x+n%; b) 2% cos (2x +n%) :
2"xn“'_
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(n—1)! (—1)"*'al 2n! .
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g) 2" 'sin 2x+(n—l)-—2—]; h) (_1)(';;_:';'):”!‘1

b) 27=%= | 2(— 1)t 20 (— 1)~k +”(" D¢ 1)"-2]; Q) (1—x%) x
X €Os (x+ %‘)—an cos (x-{- ])n)—n(n—l)cos x4 (n 2)n),
d) (=11 1.8... (2n—3) (—1)"6 (n—4)!

mi [ X3
oy 2
691 4 (0)=(n—1)! 692. a) 9% b) 22+2; ¢) —V T—. 693. a)
1 . —1 —1

Q) (=% 4 (=1

. 690. a) x-e* | ne*:

x—2n—1)] e) for n>4.

asm't ;

) sacositemi’ © 73 4 oy - 694.2) 05 b) 2%, 695. a) (I1+1%)x
4a sin® — 3

X(1+3%;  b) t(ll%:),. 696. W—t_fr%tﬂ?" 697. (“%”,)f_ =1.

699. 2;}3*;’ . 700, 4‘*?;;:?‘::;’;;); ‘: '701.,”—6e"(1+3t+2t’). . e

W AT ap g T~ 08—

707. —2yy—;|’—2.3::)8 %-_-“_;JJ),; g—yf-_—y—"—. ) %é. 710. --l%

11. a) 3'b)_—y— 712. Ay=0.009001; dy=0.009. 713. d (1—x*)=1 when

x=1 and Ax=——l—. 714, dS=2x Ax, AS=2x Ax+} (Ax)®. T17. For x=0.

3
T 1
718. No. 719. dy=—7—2-\_ —0.0436. . 720. dy_m-\_0.000IW.
—mdx dx dx
725. —“-d"—. 726, —2e~*'dx. 727. Inxdy. 728, —20F 709, _1HCO8Q
x4 a? T—x? sin? ¢
X
eldt 10x + 8y —ye-7dx_ y x+y
730. —T‘T‘E—!t. 732. — 7 +5 dx. 733. i = _ydx. 734 ;_—ydx.
yr—xe Y
735. :?dx 737. a) 0.485; b) 0.965; c) 1.2; d) —0.045; e) 7:—t+0.025a\-_0 81,

788. 565 cm?®. 739, V5=2.25, ) T7=x4.13; V70=8.38; V64025 3.
740. )/ 10==2.16; }/T0=4.13; }/200~5.85. 741. a) 5; b) 1.1; ¢) 0.93;

_ 2 _ 2
d) 0.9. 742, 1.0019. 743. 0.57. 744. 2.03. 748. ——(91,— . 749, —x—(df;—
—x%)'la (1—x)"
2cosx smx) @t L 21nxx 3(d ). 752, —e=¥x
4
X (x2— 6x+ 6) (dx)%.  753. TS;_(L;)), 754. 3.2% sin (2x+5 =+ -5-) (dx)®.

750. (—smx Inx4-
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755. e*°*%gin (xsin a4 na)-(dx)?. 757. No, since f' (2) does not exist.

758. No. The point x=—;—t is a discontinuity of the function. 762. E=0,

763. (2, 4). 765. a) g_%, by E=-F. 768, lnx=(x—1)—%(x—l)2+
2(x—1) _ R AT A
e where E=14+0(x—1), 0<0 < 1. 769. smx_x—s—!+a- sin &,

+

3 4] L]
where §,=0,x, 0<0,<1; sinx=x—x—l+';-T—gTsln§,. where §,=0,x,
xn-1 xn ,
=] l)l e", where §=0x,

x?
(l +E e
=10 775. Solution. We have

0<0,<1. 1770, e._l-|-x+2! +3'+ o —

x? 5

0< b <l 772. Error: a) & ; — ; in both cases £=0x;
16(1 Y aaran :

0< 6 < 1. 773. The error is less than 53—

1

Ly 2
VZi;=(1+%) (1_%) . Expanding both factors in powers of x,

x\* I x 1x x\ ¢
we get: (14— F) -\.l+7—5—§a— (l__) =1+

oo| w

h!k hulkn

x
?-i'

rof —

Multipl,ing, we will have: l/aixx_l+ + . Then, expanding e in
X

— 3
rowers of %, we get the same polynomial e“:—.l—}--ﬁ—-{-g—,. 777, — L

? .

778 o 779. 1 1780. 3. 781.% 782. 5. 783. . 784. 0. 785. %

786. 1. 788. % 789. 1. 790. 0. 791. a. 792. o for n>1; a for n=1;

0for n<1. 793. 0. 795. —;- 796. 12 797. —1. 799. 1. 800. e*. 801. 1,

802 1 §03. 1 804. —:—. 805. %. 806. —él—-. 807. 1. 808. 1. 810. Hint.

Findu“f'o _—2_—17;; w here S=%(a—sin a) is the exact expression for the area
3

of the segment (R is the radius of the corresponding circle).

Chapter NI

811, (—o, —2), increases; (—2, o), decreases. 812. (—o0o, 2), decreases;
(2, o), increases. 813. (—oo ®), increases. 814, (—oo, 0) and (2, o),
increases; (0, 2), decreases 815. {— o0, 2) and (2, ®), decreases. §16. (— o, 1),
increases; (1, o), decreases. 8]7 (-—- , —2), (—2, 8) and (8, ), decreases.
818. (0, 1), decreases; (1, ), increases. 819. (—o, —1) and (1, o), in

creases; (—1, 1), decreases 820. (— 0, ®), increases 821. (0, eL)' de-

1
creases; (_e" oo), increases. 822. (—2, 0), increases. 823. (— »,2), decreases;
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(2, ®), increases. 824. (—o, a) and (a, »), decreases. 825. (—oo, 0) and
(0, 1), decreases; (1, o), increases 827, Ymax=7 when x=51. 828. No

extremum. 830, ygin=0when #=0; ymin=0when x=12; y,x =1206 when x =6.

831. Ypin=~—0.76 when x==0.23; yp,x=0 when x=1; ypin =—0.05 when
x=1.43. No extremum when x—2."""832. No extremum.  833. Ymax=—2

when x =0; ymin=2 when x=2 834. ym“=1% when x=3.2. 835. Ymax=

- 2 - 2
=—3V3 when x=——x; =3)3 when x=->= 836. =V?2
V V3 Ymin V V3 B Ymax ;

when x=0 837. ypax=—V¥3 when x=—2V3; ymin=V3 whgn x=2V3.
838. Ymin=0 when x=+1; ymax=1 when x=0 839. Ymin=—"75 V'3 when
x:(k— —é—)n; ymaxz'% V§ when x=(k +'f17 n) (k=0, £1, +£2, ..).

840. ypax =5 when x=12 kmn; ymx=5c052€n when x=12(ki%)n; Ymin=

=—5cos—gwhen x=12 (ki%)n; Ymin=1 when x=6(2k+1)n (k=0,

+1, £2, ..)). B4l. ypin=0 when x=0. 842. ymi,,:-—% when x=:}—,
843. ymax=ei, when x=-:—,; Ymin=0 when x=1 844, ypiy=1 when
x=0 845. ymin=——:— when x=—1. 846. ypnjn=0 when x=0; ym,,‘_:é2

when x=2 847. ypmi,=e when x=1. 848. No extremum. 849. Smallest

value is mz—% for x=—1,; greatest value, =%when x=1. 860. m=0

1
2
M=1 for x—_—gE (=0, +1, +2, ...). 852. m=0 when x=1; M=mxn when

x=—1. 853. m=—I when x=—1; M =27 when x=3. 854. a) m--—6
when x=1; M=:236 when x=>5; b) m=—1579 when x=—10; M =3745 when

x=12. 856. p=—2, g-=4. 861. Each of the terms must be equal to —g

862. The rectangle must be a square with side —i— 863. Isosceles. 864. The
side adjoining the wall must be twice the other side 865. The side of the
cut-out square must be equal to %—. 866. The altitude must be half the
base. 867. That whose altitude is equal to the diameter of the base
868. Altitude of the cylinder, 72/.%; radius of its base R 1/%, where <
is the radius of the given sphere.  869. Altitude of the cylinder, RV'Z2
where R is the radius of the given sphere. 870. Altitude of the cone,

when x=0 and x=10; M=5 for x=5. 85l. m=- when x=(2k +1) —Z—;

T
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where R is the radius of the given sphere. 871. Altitude of the cone, %R,
where R is the radius of the given sphere. 872. Radius of the base of the
cone 7, where 7 is the radius of the base of the given cylinder. 873. That

whose altitude is twice the diameter of the sphere. 874. ¢ =m, that is, the cross-
section of the channel is a semicircle. 875. The central angle of the sector

is 2m ]/%— . 876. The altitude of the cylindrical part must be zero; that

2 2 3
is, the vessel should be in the shape of a hemisphere. 877. h=(l’ —d? ) :

878. %(—+2—z-=l. 879, The sides of the rectangle are an-and bV 2, where
(] [}

a and b are the respective semiaxes of the ellipse. 880. The coordinates of
the vertices of the rectangle which lie on the parabola (%a; +2 V’?)

881. (:1: 7%_, 7‘2—) 882. The angle is equal to the greatest of the numbers

3 -
arc cos L and arc tan A . 883. AM=a —'{—p—— 884 !

’ ‘ Vovya o ¥E
885, a) x=y=7‘_1?; b) x= .1;%_; y=d l/‘é' 886, x— ]/?—(:,—Q' :

Pmin=V 2agQ. 887. V Mm. Hint. For a completely elastic impact of two
spheres, the velocity imparted to the stationary sphere of mass m, after
impact with a sphere_of mass m, moving with velocity v is equal to

1112’%1_ . 888. n= NT-R (f this number is not an integer or is not a divisor of
Nl,we t;ke the closest integer which is a divisor of V). Since the internal resistance

2
of the battery s '—11—\,1, the physical meaning of the solution obtained is as

follows: the internal resistance of the battery must be as close as possible to the
cxternal resistance. 889. y=§-h. 891. (—, 2), concave down; (2, w),

concave up; M(2, 12), point of inflection. 892, (— o, o), concave up.
893. (— 0, —3), concave down, (—3, ), concave up; no points of inflection.
894. (— o, —6) and (0, 6), concave up; (—6, 0) and (6, ), concave down;
points of inflection M, (—5, _%>,0(o, 0), Mz(6, -“2’-) 895. (— o,
—V'3) and (0, V'3), concave up; (— V'3, 0) and (V'3, ), concave down:;
points of inflection M, , (£V'3, 0) and 0(0, 0). 896. ((4k+1) 5" ,

(4k+3)§n), concave up; ((4k +3) g (4k+5)—;) , concave down (k=0,

+1, 2, ...); points of inflection, (2k+1)-2’-‘, 0). 897. (2kn, (2k+1)m),
concave up; ((26—1) =, 2kn), concave down (=0, +1, £2, ...); the abscis-
sas of the points of inflection are equal to x=kn. 898. (0 L concave

e
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1 1 3 L .
down; (——=, o ), concave up;M (—=,6 2 | is a point of inflection.
( Ve ) P ( Ve 2e’>

899. (— o0, 0), concave up; (0, o), concave down; O (0, 0) is a point of
inflection. 900. (— oo, —3) and (—1, ), concave up; (—3, —I), concave

down; points of inflection are M, —3, = | and M, | —I, 2 . 901, x=2,
e e

y=0. 902, x=1, x=3, y=0 903. x=42, y=1. 904. y=x. 905. y=—yx,
left, y==x, right. 906. y=—1, left, y=1, right 907. x= 41, y=—x, left
y==x, right 908, y=—2, left, y—=2x—2, right. 909. y=2  910. x—=0
=1, left, y=0, right. 911, x=0, y=1. 912, y=0. 913. x=—1.
914, y=x—m, left; y=x-+m, right. 915. y=a. 916. y,,x=0 when x=0;
Ymin =—4 when x=2; point of inflection, M, (1, —2). 917. ypax=1 when
x=4+V3; Ymin=0 when x=0; points of inflection M, | £1, 3

918. Ymax=14 when x=—1; y,,, =0 when x=1, point of inflection, M, (0, 2).
919. Ymax =28 when x=—2, ynin=0 when x=2; point of inflection, M (0, 4).
920. Ymin=—1 when x=0; points of inflection M, ,(+¥5 0) and
My (1.

——FZ-S) . 921, Ymax=—2when x==0; ypnjn==2 when x=2; asymp-
totes, x==1, y=x—1. 922, Points of inflection M, ,(+1. F2); asymptote

x=0. 923. ymix—=—4= when x=—1; ynn==4 when x=1; asymptote, x=0.
924. ypin=3 when x=1; pownt of inflection, M (—/2, 0);  asymptote,
x=0. 925. ymx-:% when a1=0, points of inflection, M +1,

asymptote, y=0 926, ypmax-— —2 when x=-0; asymptotes, x—= j_2 and y=0.
927. ymin==—! when x= ;~l Ymax=1 whenx-l points of inflection, 0(0 0)
and M,‘,(;kQ]/I?, ;{;-1(—23L ; asymplote, y=0 928. y,.«=1 when x—=4;

8
—>; asymptotes, x=2 and y-=0. 929. Point

point of inflection, M {5, 9

of inflection, 0(0, 0); asymptotes, x =42 and y=0. 930, ym“:———?—é
when x:~§—' asymptotes, x—=0, x=4 and y=0 931. yu,, =—4 when

3’
x=-—1; Ypju=4 when x=1; asymptotes, x=0 and y=3¢ 932. A (0, 2)

and B (4, 2) are end-points; r/max——2}/2 when x=2 933. A(—8, —4) and
B (8, 4) are end-points. Point of inflection, 0(0, 0). 934. End-point,

A (=3, 0); Ymin=—2 when x=—2. 935. End-points, A(—¥'3, 0), 0(0, 0)
and B(V'3, 0); Yma Ymax = V'3 when x=—1; point of inflection, M (V 3+2V 3,

6 l/l’*‘ ). 936, Ymax=1 when x=0, points of inflection,

M, (L1, 0). 937 Points of inflection, M, (0, 1) and M, (1, 0); asymptote,
y=—x. 938. ynax=0 when x=—1I; ymm=—] (when x= 0) 939. Ymux=2

when x=0; points of inflection, M, ,(;1;1 /2) asymptote, y=0.
940. ypmin=—4 when x=—4; yq., =4 when x=4; point of inflection, 0 (0, 0);

asymptote, y==0. 941. ymi,,_—_.V‘i when x=2, Ypin= |/4 when x=¢4;
Ymax=2 when x=3. 942. Ypmin=2 when x=0; asymptote, x_.iz

943. Asymptotes, x=+2 and y=0. 944. ymin=§i when x=V¥3;
2
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V3
Ymax=—"73,=

V2
and M,(a, %) asymptotes, x=+1 945. ypijp=73

when x=—3; points of inflection, M, (—3, -%) 0(0, 0)

/—_ when x=6; point

of inflection, M [ 12, 3 12_ ;asymptote, x =2 946. ymax=_1‘ when x=1; point
v/ 100 e

of inflection, M<2, 37), asymptote, y=0. 947. Points of inflection,
M, (—Sa, l:#) and M,(—a. Q?a); asymptote, y=0. 948. ym.,=¢® when
3

x=4; points of inflection, M,, , 8_%2_ , eT ; asymptote, y=0.
3
949. y.x=2 when x=0; points of inflection, M, , (;};l ?). 950. Ymax=1

when x=+1; Upip=0 when x=0. 951. Ymax=0.74 when x=e*==7 39;
point of mﬂechon. M(e/"~l4 39, 0.70); asymptotes, x=0 and y=0.

a’ . . a 3a?
952. Ymin= =7, when x=-—2- point of inflection, M(~—— - ).

Ve’ Ve' 4

2
953. Yymin=e when x=e; point of inflection, M (e’, %) ; asymptote, x=1;

1
y—~0 when x-—0. 954. ymax=ei'§0,54 when x=e—2—1:>—_—0,86;
1
Ymin=0 when x=0; point of inflection, M(%—IQ—O.GS; ?'\-0.37);

y -0 as x »—1+0 (limiting end-point). 955. ymip=1 when x= 4 V'2; points
of inflection, M, ,(+£1.89, 1.33); asymptotes, x=41. 956. Asymptote,
y=0. 957. Asymptotes y=0 (when x—++4 o) and y=—x (as x - — »).

958. Asymptotes, r=——, x=0, y=1; the function is not defined on the
interval -—:—,0]. 959. Periodic function with period 2m. ypin=—1V 2
when x= 7 7+ 27, Ymax = ¥V 2 when x=;+2kn (k=0, +1, +2, ...);
points of inflection, M, (%n+lm, 0). 960. Periodic function with

period 2. Ymin= —% V3 when x=-g—ﬂ+2ku; Ymax = %VS_ when

x= —33—t+ 2k (R=0, +1, £2, ...); points of inflection, M, (kx, 0) and
N, (arc cos (-—-;—) + 2k, 1% Vﬁ) 961. Periodic function with period 2.

‘On the interval [—m, =), ym“::% when x=;|:-:-;£; Ymin=—2  when

X=+%; Ymin=~0 when x=0; points of inflection, M, ,(+£0.57, 0.13) and
M, (12 20, —0.95). 962. 0dd periodic function with’ penod 2n. On inter-

val [0, 2}, ymax=1 when x=0; ymz=0.71, when x=2- } Ymax=1 when
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x =%—; Ymin=—1 when x=1; ymax=—0.71 when x=%ﬁ;ymin=—l when

x=-g—n; Ymax=1 when x=2n; points of inflection, M, (0.36, 0.86);
M,(1.21, 0.86); M,(2.36, 0); M,(3.51, —0.86); M;(4.35, —0.86);

Mgy (5.50, 0). 963. Periodic function with period 2. y,.,,m=—2 when

2
x=%+2kn; ym“=___'/; when x=—-%n+2kn (=0, £1, £2, ...)%
asymptotes, x=—%- n+4kn  964. Periodic function with period m; points of
inflection, Mk( vy +kx, V2 (=0, £1, £2,. );asymptotes,x:%n+kn.
965. Even periodic functxon wnth period 2n On the interval [0, =
Ymax= 3:/._ when x=arccos —— V_ ; Ymax =0 when x==1; yip = — 3—‘—/—% when

1 . - . T
x:.—nmcos(——ﬁ); Ymin=0 when x=0; points of inflection, M, (—2—, 0) :

V2 4V T\, V2 4T
M, <afCSl“-—3—: —57 i M, —arcsm—, ——57 966. Even

periodic function wnth period 2nx. On the mterval [0, =] ymax2-_l when

x=0;, Ymax= V_ when x—-arccos( V_>; Ymin= — 3V-5— when

1 . . n .
x=arcmsT/—g, Ymin=—1 when x:=m; points of inflection, M,(?,0>,

I3 4 3 _ /13 4 13
M, <au cos B 9 ﬁ)’ M,(arc cos( V ﬁ;)' -3 ﬁ)'
967. Odd function. Points of mﬂectlon. My (kn, km) (k=0, +1, +£2, ...).
968. Even function. End- pomts, y, 2(£2 83, —1 57) ymayx=1 57 when x=0

(cusp); points of inflection, M, .(+1.54, —0.34). 969 Odd function.
Limiting points of graph (—I ' ) and (I, + ). Point of inflection,

0 (0, 0); asymptotes, x=41. 970, Odd function. yma,‘:%-—l-{-?kn when

x :%—-{—kn; ymin=%n+l+2kn when x=-2—n+kn; points of inflection,
2k + 1
2

My, (kn, 2kn); asymptotes, x= n (=0, 1, £2, ...). 971. Even

function. ymja=0 when x=0; asymptotes, y=—-1-2‘- x—1 (as x -—ow) and
Y =-J;—x——l (as x -+ o). 972. ypi,=0 when x=0 (node); asymptote, y=1.

973. ym1n=l+%- when x=1; Ymax= %n—-—l when x=—I; point of

inflection (centre of symmetry) (0, ®); asymptotes, y =x+42n (left) and y=x
(right). 974, Odd function. ympin=1.285 when x—-l ym,x—l 856 when

x=—1; point of inflection, M(O, —2—-);asymptotes, ——+n (when

x +—o0) and y—% (as x -+ ). 975. Asymptotes, x=0 and y=x—In2,
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976. Ymin=1.32 when x= £1; asymptote, x=0. 977. Periodic function with
period  2m. ymm=-6l when x=—g—n+2kn; Ymax =€ When x=£—+2kn

V 1 Vs -1
(=0, X1, +2, ...); points of inflection, M, \ arcsin 3 +2kn, e 2 )

Vs+1\
and N, \ — arcsin +(2k+1)n e * |, 978 End-points, A (0, 1)

and B(l 4,81). Pomt of inflection, M (0.28, 1.74). 979. Points of inflection,
M (0.5, 1.59); asymptotes, y=0.21 (as x—+—o) and y=4.81 (as x -+ ).
980. The domain of definition of the function is the set of intervals (2km,
2kn +mn), where k=0, +1, +2, ... Periodic function with period on,

Ymax=0 when x—-—+2k:rt (=0, &1, 42, ...); asymptotes, x=km.

981, The domain of definition is the set of intervals [(2k—%)n,

(2k —}—%) n], where & is an integer. Periodic function with period 2m.
Points of inflection, My (2kn, 0) (=0, +1, +2, ...); asymptotes,
x=4 %+2kn. 982. Domain of definition, x> 0; monotonic increasing

function; asymptote, x=0. 983. Domain of definition, ]x——2lm[<—;E
(=0, +1, £2, ...). Periodic function with period 21 yug,=1 when
x=2kn (=0, %1, +2, ...); asymptotes, xz-g—-l—kn. 984. Asymptote,
y=1.57, y-»—1.57 as x -0 (limiting end-point). 985. End-points,

1

l —
A, ,(£1.31, 1 57); ymin=0 when x=0. 986. ymi“=(?)e = 0.69 when
x=i8k0.37; y—-1 a x->-+0 987. Limiting end-point, A (40, O0);

l .

max=¢€ ‘= 1.44 when x=e==2.72; asymptote, y=1; point of inflection,
M (0.58,0.12) and M, (4 35,1 40). 988. Xmin=—1 whent=1 (y =3); ymm:—~l
when t=—1(x=23) 989. To obtain the graph it is sufficient to vary ¢ from 0 to 2m.
Xmin=-—a when ¢ =1 (y =0); Xpmyx=a when ¢t =0 (y =0); Ymjn —— a (cusp) when

3 7
t=+ —;— (x=0); Ymax=+ a (cusp) when t:—;— (x=0); points of inflection

when ¢ =% 3n 5n 7n —p 8 a
n—4’———4’_4'_4 m,y:i“'f‘;.
1
990. Xmin=—— when t=—1(y= —e); ym;,xz—el— when =1 (x=e); points of

inflection when t=—V2, i.., ( V_? — V'QEV_’> and when t=V'2,
l
e

-y V2
le., (V2 e’ V_’): asymptotes, x=0and y=0. 981. xpa=1 and ypma=1
e

when ¢=0 (cusp); asymptote, y=2x when ¢ -4 . 992. y;;n=0 when £=0.
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_a Y. __x _ I at—cixt
993. ds_—y— dx, cosa=-—-;  sina=-——. 994. ds= P o dx;
22 -
€os a:i(—‘———x—; sina—:—--——j—x—, where c¢= Va’—-b’. 995. ds=
Vot =2 Va—=cix
| Vs Yy .o p 3/a
=—Vp+ytdx;, cOSQU=—F—=———; siNt=—————. 996. ds= —dx;
y V ity Vrrt+d x
3 /% 3/
oS @ = ]/-_x_; sing = — l/i. 997. ds:cosh-{-dx; Cos @ == 1 ;
a a a

cosh-’-‘-
a
X .t I . t
sinu:tanh;. 998. ds=2asm—2—dt; cosm:smi; sin o= cos 3. 999. ds=
=3asintcost dt; cos o= —cos {; sina-=sint. 1000. ds=a Vl-{—(p'd(p; cos fp=

1 Py — a
=—— . 100l.ds=—V T+ ¢ dp; cos p= — . 1002. ds =
Vite @*

1
Vitet cos? %)

dg;
in B == cos 2 = Pap;  sinp=cos 2 -
sin f==cos 5 . 1003. ds=acos ) de;  sinf=cos o 1004 ds=

2
=r V1F (na)}dg; sin ﬁz——l—-i-_lm . 1005. ds:_% deg; sin B =cos 2p.

1 a b 6
1006. K =36, 1007. K= ——— . 1008. K4=2; Kz=2 . 1009. K=—0 _ .
3V72 T e 13V 13
1010. K = 3__2 at both vertices. 1011. (-g,s) and (.g_, _3),
a
In2 V2 9y (6% + a'y?)'?
1012. <“T' —2—> 1013. R_’T o, R=EEIVNT

1015. Rl(y_t‘)_j 1016. R —
iy

3
—2—ash\2tl. 1017. R=|af|. 1018. R=

—_— 4
=|r V ik, 1019. R:\g acos -2 |, 1020. Riast=1pl. 1022, (2,2).

2
116 . 3\t 1
1023. (—7a,§a). 1024.  (x—3) —{—(y——2—> =g 1025 (x42'+
¢ 2

+(y —3)2=8. 1026. pY"’:%(X—p)‘ (semicubical parabola). 1027, (aX)T+

2 4
3 3

+0Y)* =c

, where ¢?=a%>—b2.
Chapter 1V

In the answers of this section the arbitrary additive constant C is omit-
ted for the sake of brevity. 1031, %a’x’. 1032. 2x°4-4x24-3x. 1033. —';——i-

n—1

3 2 4 p2. n
+("——+;’-)-"—+%. 1034, a*x+3%’i+’1%. 1035. %"Vsz. 1036, 1~

n—1 "
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A5 2 1 3 2 ™
1037. {‘/nx 1038. a’x—%a 1x? +—7—a 8x? %— . 1089, Ex__l/-x_
3x¢3/ % ax x wm YV myn Vo eny o
1040. - ’/ 63/ % 104, 2V x_4x Vx 2V
13 4m+l m+2n+1 4n+1
— 1 X
1042. 22 V ax—4ax+4x V ax— 2x2 ——_. 1043, —= arc tan =
V + _ V + 5 Vax V7 V7
1 x— V10

_ X
1044, — In —{. 1045. In (x 44 x%. 1046. arc sin ———
2V10 x+V-lO‘ s+ VA 2V 2
1047, arc sin —Vi—‘a-—-ln(x-}- Vx'+2). 1048*. a) tanx—x. Hint. Put tan?x=
=sec?’x—1; b) x—tanhx. Hint. Put tanh'x:l———l;— . 1049, a) —cotx—
cosh? x
. (3e)* c . a _
—x; b) x—cothx. 1050. TEES 1051. aln ——x" Solution. Sa——x dy=
_ d@—x) _ c
_—aS-—a—;T_ alnla——xl—i—alnc—alnl:‘l. 1052. x+1Inf2x+1].
Solution. Dividing the numerator by the denominator, we get gii?
_ 2 2c 43 2dx _ d@c+1)
-—l+m. Whence P +]dx_de+S2 1 T
=x+1n|2+1]. 1053. ——x+Tln13+2x . 1054, %—F]nla-{—bx[.

1055. x+ aﬂln]ax-}-p] 1056. ——+x+2ln|x—1| 1057. 52f+2x+

+1In|x+3]. 1058. %+%+x’+2x+3]n|x—-ll. 1059. a%x+2ab In | x —a| —

b 1 xdx _ (C(x+D—1
—x—ar 1080 Inlxdlidog. Hint | oEee= (x+l)’ dr=
Sx—}-l S(x+l)’ 1061. —2 Vi—=y. 1062. ——-V(a——bx)‘

dx 1 (d(x*+1)
1063. ¥ x*+1. Solution. | === _ —_ | L¥ T7)_ 3777 1064. 2
l/ + .ou ion Va2 VX’-H x| Vx+

In? x 1 3 1 s V1—2V?2
+ ——. 1065, — arc tan x 1/—. 1066. In = _‘.
2 V15 5 4V1e | xVT74+2V 2
1067. 1 In | ‘i_l.’_l-x l/-a—b(. 1068. x— 1 2 arc tan x_ .

2Vae—6* |Vatb—xV a—b V2

2 2
1069. — (—l—c—+i In| az—x‘l) 1070. xX— %ln (x? +4) + arctan —;—- .

1071. V— In @V 2x+ V7F85). 1072. _5arc sin x ]/
5 sV 3—-1/2‘ 3 l/ 5

1073. ln|3x‘—2 In =|. 1074. ——=arc tan =X —
1= 2V6 |xV3+V V3B 7
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—%ln (5x2 4 7). 1075. —:;— V52 +14——In (x}f 5+ VY Bx% 1).1076. VY x*—4 +

l/_
+3Injx+ V@—4|. 1077 -§ln|x'——5|. 1078. T1n(2x=+3).
1079 -I—In(a’x’-l—b’)—}-iarc tan & . 1080 iarcslni 1081 L ctanx?®
Y a b ) a? ’ c g :
x 2
1 2 (arc tan 7)
1082, o lIn|x'+ V x*=1|. 1083. 3 V (arcsimx)’. 1084, A
3 —e———
1085. %m a+ 4x2)—l/(a’—cga"-gi’- 108. 2V Ineet Vit
2x
1087. -—%e-""‘. 1088. ——”'—42 % 1089. e‘4-e~¢. 1090. %—e“ +2x—
2x
_._(_l. _—&- ._l_— a_x_f —_— SJCI 2
5 € "09"1na—1nb<bx o5 ) —2¢ 1092, SIHaV PPET
1
1 1 x2 x 2 Vx
1003, — . 1004 5T 1095. —e*. 1086 =5
x 4a
1097. In[e*—1] . 1098. -—%}V(a—be")' 1099. -343( +1)*. 1100. -’3‘--—
ln(2"+3) Hint. ! E——l— 1—_2::_ 1101 l—arc tan (a*¥).
3l | hx2"—i—3 3 2 +3)° “Ina
14e~ ! 1
1102. '277‘“ T—o=h% 1103. arcsine 1104. —-Fcos(a—l—bx).
1105. ¥V 2sm V—_-. 1106. x——%acos 2ax. 1107. 2sin V x. 1108. —In10x
x sin2¢

xcos (log x) 1109. T3

+sm42“ Hint. See hint in 1109 1111, ltan(ax-{-b)_ 1. __cotax
X 1
900" 1114. — In

5x n 1 ax+b
A tan( \| 1115. Z—ln tan——2——

1116. - tan(x?). 1117. —=cos(l—x%). 1118. x-——chotxl/_2—-

2 2 V2

—V 2In tanxV2|. 1119. —Injcosx|. 1120. In|sinx|. 1121. (@a—b)X

. Hint. Put sin’x=-;—(l—cos 2x). 1110. —;—-I—

1113. aln

xIn Ism b' 1122. 51n|sin-’;—,. 1123. —2Injcos ¥V x|. 1124. %lnx
in (x2 a a2 X s114 6x

x| sin (x241)]. 1125, In)tanx|. 1126. 5 sin*—. 1127, o5 *

1 1 1 —_

1B, ——— . 1120, ——In@+cosdy). 10 —5 Y s ox.

1131, - -g- V(l +3costx)d. 1132, % tan‘%— . 1133. % Vtan’ X.

3 cot —‘x 1
s, =3 % 35 (tan3x+ dx)' 1136 (lnltan§]+2sxlxax)

14-1900
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2 3 . x 1
1137. gl-aln|b—acot3x|. 1138. gcosth ——5—smh5x.ll39.—§+-zslnh2x.

1140. lnitanh%l. 1141. 2arc tane®. 1142, In|tanhx]. 1143. Incoshx.

1
. j . 1145. — 13 5—x2)°, 1146. —ln xt—4x+ 1], —
1144. In|sinhx] .1 /( ) | V3
1148 Le™ o ]/— arc tan ( x ]/§>_
Xarc tan — V_ . -3 . ) o)
1 T A o« _ 2
_ﬁln(x V3+ V2t 3x ). 1150. 5 +x—2In[x+41]. 1161. ——VeT.

1152. In|x+cosx|. 1153. %(

1
Sx)' 1154. e *

1155. In)tanx4 ¥ tan?x—2{. 1156. V2 arctan (x Vf)— !

T(2x 1 1)
' 3 3 2
1s7. 222 q1iss. ]/"‘ D' 1150, Larcsin(x). 1160. - tanax—x.
Ina 2 a
sin x tan 7 33 p—r
1161. —2-——2— 1162. arcsmT 1163. alntan( +T)|' 1164.7/(1+1nx) .
— 2
1165. —2In|cos V'x—1|.  1166. glnltan—é-,. 1167,  efretanx
2 2 —
-}-]—n—(li'—x—)+arctanx.1168. —In|sinx4cos x| . 1169. V¥V 21in(tan x_ —
v 2V 72
x—V 2
—2—V 2c0s —=. 170, x+—= _I. 1171. In| x | + 2 arc tan x.
Ve V +V?2
172, ™™ 1173, l—/:arcsm V3+V4 3x%. 1174. x—In(1 +€%).
1 ) a—b =% 5 1
1175. —V—GZ_—E arc tan x m.ll76.ln(e"+ Ve =3). ll77.71- In|tanax}.
X 2
T ont 2+|nx (aTCCOS?)
1178. —%cos(7+%) 1179, -—-l 5—Tn , 1180. —_——
H 2
181. —e~'a"* 1182, larcsin( i x) 1183. —2cot2x. 1184, BrESN¥°_
2 }/'2 2
— V' 1—=x%. 1185, In(secx+ V sectx+1). 1186. ! VE""“" 2 |

—In
4V'5
tanx dx dx
7. — ). . =
ns V— arc tan ( V'"Q ) Silat S 14-cos?x ,S‘ sin? x + 2 cos® x

. 2 T+
=gta‘2isx—ig. 1. SV inG+ VITAPF. 118, o sinh (x43).

3

1190. l—r—‘l,—dB‘“"h *. 1191, a) ——]—arccos—V?2 whenx> V' 2 b) —In(l e~ %);

V2
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c)s—lo(sx‘-—3)‘; d) %V(x—}-l)’—ﬂ/x-{-l; ¢) In(sinx+ ¥V T+ sin®x).

1192. l[(2x+5)"—M]. 1193. 2(‘/—"'—% +2 V?—2ln|l+Vfl).

4 127 11 3
1194. In —KZi];l . 1195. 2arctan Ve*—1i. 1196. Inx—In2lin|lnx+
Vax+1+1
g 9
+21n2]. 1197. (Eic%"—"l. 1198. %—(e"—2) VEFL 199, = (cos’ x—5)X
X VCOS x. 1200. In ————-l—_—:_, Hint. Put x=tL. 1201. —% Vl——x’—f—
1+ Vx+1
+%arc sin x. 1202. —-):f; V2—-x’—-% V2=x. 1203. V¥—a—
1Y). .
~aarccos%. 1204. arccosjl‘—, if x>0, and arccos (—-—;) if x<0*) Hint.

Put x=—l—. 1205. ¥V x2+1—In

14+ Vet
t X

yy—e
. 1206. —K%x—’f- . Note. The

substitution x=% may be used in place of the trigonometric substitution.
1207. -’2‘— Vi —x'-}-—; arcsinx. 1208. 2arcsin ¥V x. 1210. -1—2‘- V—a 4

a N 1 ,
+3ln|x+l/x“—a‘|. 1211, xlnx—x. 1212, xarctanx—-5In(14x7).

1213. xarcsinx4+ ¥V 1—x% 1214. sinx—xcosx. 1215. xsm3x+M‘

3 9
x+1 xIn241 e
el 1217. —or gt 1218. 57 (9x2—6x + 2). Solution. In place

of repeated integration by parts we can use the following method of undeter-
mined coefficients:

1216, —

S x2e**dx = (Ax*+ Bx+4C) e¥*
or, after differentiation,
x%** = (Ax? 4 Bx + C) 3e** 4 (2Ax 4 B)e**.
Cancelling out e** and equating the coefficients of identical powers of x, we gef:
1=34; 0=3B+24; 0=3C+ B,

whence A=%—; B=——-g; C=227. In the general form, SP,,(x)e“”dx:

=Q, (x) e®*, where P, (x) is the given polynomial of degree n and Q, (x) i;

a po1ynomial of degree n with undetermined coefficients 1219. —e=* (x*45).
X

Hint. See Problem 1218*. 1220. ——3e- '—(x'+9x’+54x+162). Hint. See

*) Henceforward, in similar cases we shall sometimes give an answer tha$
is good for only a part of the domain of the integrand.

14
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1 2
Problem  1218*. 1221, __xcc;s 2x+S‘“82" . 19222, 2x +1fx+ 11 sin 2x -
+2x;{-5cos 2x Hint. It is also advisable to apply the method of undeter-

mined coefficients in the form

S P, (x) cos Bx dx=Q,, (x) cos fx+ R, (x) sin fx,

where P, (x) is the given polynomial of degree n, and Q,(x) and R, (x) are
polynomlals of degree n with undetermined coefficients (see Problem 1218%).

x3 Inx 1
1223. ln r—g- 1224. x1n®x—2xIn x 4 2x. 1225. o T i
- 2 o
1226. 2 Vxlnx—-4 Vx. 1227. X _2H arctanx— 2 1228, 5 arc sin x—%— X

X arcsinx+% V1—x 1229, xln(x+ V1I+x)—V T+ 1230. —x cot x +
. x x e* (sin x —cos x)
+In|sinx]|. 1231, -—s—ﬁ—x+|n,tan 7!' 1232. —_——,

2
3% (sin x +-cos x In 3) 1234 e%* (a sin bx—b cos bx)

X .
1233. T+ an3) . . o . 1235. 5[5111(1nx)—

- %2 — _ 3
—cos (In x)]. 1236, —8—2—(x2+1). 1237. 2¥ ¥ (Y x—1). 1238 (%—x’—}-

x—l —x Inffx 2inx 2
+3x)lnx—-—+-——3x 1239. lnT- x. 1240. '—'—x————x°——'_ .

1241, [In (In x)— 1]-Inx. 1242, 3arc tan 3x—l_8+m

X (arc tan x)2—x arc tan x—i—l In(14x%. 1244, x(arcsinx)®*+2 YV 1i—xx

1n(9x*+1). 1243.

arcsmx
X arcsin x—2x. 1245, — +1n \
. 1+ Vl—x
— — 2 -X
xarcsian-}—?Vx. 1247, xta;2x+ln|czs2x|_x7. 1248. e2 X
2x ~2sin 2
x(cos X 52sm x_l). 1249. _:2c_+xcos(21nx)-}l-02xsm(2]nx)

x 1
1250, 2(x'+l)+ arc fan x. Solution. Putting u=x and dv=——-—

1 x
ST\ hence S( e T
X

l 1 x
+S 2(xz+1) 2(x’+1) 5 arctanx+C. 1251 w(-arc tan — +
+x'+ s |- Hint. Utilize the identity lE'a—.[(x’-'I*a’)—x’]. 1952, X

1246. —2 Y 1—xx

xdx

e

we get du=dx and v=—

2
— ]
xVa'-—x‘+% arc sin %:-. Solution. Put u= ¥ a*—=x* and dv=dx; whence
xdx —x2dx

du=——}/—.’——; andv=ux;wehave \ Vai—xidyx=xV ad—x'—
a*—x

Vaz — xz

= V“’—x’—j Va"‘x'd"'i'az‘s‘ Va‘fx_xl *

(a*—x*)—a?

Va—x

i Y=g
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Consequently, 25 Vaé—=xde=xV a*—x*+a?arc sm —. 1253. I/A + x4

+—"21—ln,x+ V A+x*|. Hint. See Problem 1252*. 1254. -? VIi=x4

+—9— arcsin > . Hint. See Problem 1252*. 1255, 1 arc tan *+1 1256 lx

5 3 2 2 - ' 2
6x—1
| _._l 7. —arctan —. 1288, o In(—Tx+1 -
X in V'll ( x+ 0)+ V‘
X arc tan VJ . 1259. ,—ln (x2—4x +5)+4 arc tan (x —2). 1260. x-—% In (x*4-
2x+3

+3x+4) +7-— arc tan 1261. x+3 In (x2—6x + 10) + 8 arc tan (x —3).

T

1262, V_arc sin 4x5 3 . 1263. arcsin(2x—1). 1264.In x+—g—+ Vx’-}—px-{-ql .
1265. Vx2—4x+5. 1266. —2 Vl—x——x’ —9 arc sin 2;/—.%1 .
1267, L VEE—HFI 4+ —m 1n(x;/3___+ Yy 2x+l).
5 5V5 vV
x
1268. In| ——— 1269.—arcsm —. 1270. arcsm — = x> V).
1+ Vi—e| x V V
1271. —arcsm;%. 1272. x+l Vx+2x+5+2In(x+14+ V2 2x +5).
1273. -l Vx —x2+]§arc sin (2x—1). 1274. 2x+] V2—x-x'+
9 2x+l _l_ X —3| _ 3—sinx
+§ arc s ——. 1275. In =1 1276. l/— arc tan 73
1277. In (e‘+—;-+ Vite +e"‘) 1278. —Injcosx 42+ Vcos’x+4c<,sx+ 1.
. — 24 1Inx 1 x H)
—In®x— —
1279. — ¥V 1—41Inx—In®x—2arc sin a3 1280, ——ln| o).
1 (x— D x+3)°
—3— —9 , — Ax- X T J)
1281. x+3In|x—3|—3In|x | 1282 ]2In TLO) .
_l__ IM
(x—1) (x—4)’| i x—4)® _x
(x—1)?
1 1 X x? 11 8
A R k= eza B S
9 1 8 27 30 x—>5
2. ey P s mers | ST |-
1 X x—1
1290. -—m 1291. x+1In —,ﬁ_, 1292. x+-—ln|m

1 2
—7arctanx. 1293. lnlx 3|——ln|x—l|+ﬁln(x +4x+0)+l‘su



422 Answers

1 (x+1)? 1 2x—1 1295. 1
— —_ — —= X
6 x—x+1" V3 V3’ 1V 2
xX4x V2+1 VAP x x4+x+1 1
Xlnx‘—_——xl/2+l 7 arc tan -—x+l+21/3
X arc tan x 2x—1

X arc tan + ) . 1298. YT +

2x 41
- arc tan (x4 1). 1299. ln‘x+ll+3(x’x—:_x2+l)+3 V._arctan ;/+__.
3x—17 1

T —4x +5) + 5 In (x*—4x+5) + 7 arctan(x-—z)

__‘:ﬁ:t£_+l—lnlx+1I——ln(x'+1)+"a"'ta"x'
Ix+D+D "2 4 4

3 x 3. |x—1 155° + 40x* 4+ 33x
1302. _Farctanx—‘,—(x.—_—r,‘*‘l—g‘“ PR 1303. B (12

x—1 2 _
+—arctanx 1304. x-——xT_——2x—+—2+2ln(x —2x+2)+ 3 arc tan (x—1).

1305. -2—1—1(8ln|x'+8|—-ln|x’+l|), 1306. —;—lnlx‘——ll—-
2%+ 1—V'5 13 3
1307. —or0—cs+—
2x4+‘+‘/'5| ‘2(x-—4)'+x—4+
x’+l| 1 )

xarc tan (x +2). 1294.

ln

- V" 07 s

——‘2— In (x* 4+ x4 1). 1300.

1301.

1
2V'’s
1308. -3—(21

—--l—ln]x’+x‘——l |—

—4

+2ln prom

a xa_*_l
fl 1310. ln|x|—7ln]x"+1|. Hint. Put 1=(x"41)—x".

1311. lnlxl—%—lnlx’+ll+ml—m. 1312, -:l;—arctan(x-}-l)—-é—arctanx

x+1 ! 1 ! 1 -
X=5—. 1313. TG T Ta=1" B — et an—

] [ L L PP T
x[2 )/ (ax+8F—5b )/ Tax+ 6| 1317. 2arctan V'x+1. 1318. 6 ;/; _
—33/%+2V x—6In(1+ /7). 1319, _x ;/x__ e i’/?+

4oy x— 3:/—::—6:/_::—3lnl 1+ i"/}’—{—ﬁ arc tan i/x.

1

+ln

(Vx+1—1)'l 2 2V x+1+1

1320. In|—————|——=arc tan — L1821, 2 x—2V 2x

x+2+ Vx+1| V3 T V3

X arc tan 1/'5 . 1322, —2arc tan Y T—x. 1323. l/x (x—-2)+— In|x 4
S— 2

+VE=T]. 134, izl 2 arctan2”'l 22 where

3" =1 TV V3 T

3/x¥1 2 —_—
2= ]/:il a5, — Y 2H3 23 me 2R g L @14
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S 8+ 4x?+ 3x 5 5 ,)
+2V i —x+1). 1827, — ——=—— Y=+ l328(16 — ¥ +—x X

XV1+x’—iln (x+V1+x’). 1329. (-—l— —3-) }/.\:’——l—1 arcsln—%.

4x8 I 8x* 8
1 2x 1 ,,4——
2 -5 —_— 2 _ _1
1330. 5 ( XTSI YV 2+ 2x arc sln l 1331. Ve—x+i+—=Inx

S x"44141
X (2x—14+2V =x+1). 32, L Lg% a3, l VAL

2Y 120 ;/-4+1—-1

Q=) VTTF s Ly =1

S LT s in
3y 1 44 3x*

where 2= /l+x‘. 1336. et 8 x_(2_*_x‘):l, .

1 'Y v
— 5 arc tan V1 1334,
Vs

+
2241

Vs’

1337. —2 I/(x-7+1)’. 1338, sin x——:l?sin'x. 1339. —cosx+—§cos’x-—-

arc tan

sinx  sin®x 1 s x 1 ox sin® x

3 — 5 1341. T cos -2"—3- cos ? . 1342. 9 —
1 . 3x  sin2x sin 4x

—W—2ln|51nx|. 1343. T——T—+.——32—.

x sindx sindx , sin®2x
1344. T 32 . 1345. 16 T +-————48

| cot? x 2 s 1 s
+l—4—4sm 6x. 1347. —cotx 3 1348. tanx+-3—tan x+§tan X

3 s
1309, SO x_Ox o any tanx 4 12 “ x
3 5
1

3
-| 3ln|tanx|—m——m. 1352.
x[ln

1355.

—_— % cos® x. 1340.

5 1 1
. 1346. Ex{—ﬁsin 6x+é—asm 12x4-

—2cot 2x.  1351. % tan? x+

+2|n|tan | 1353. ~><

cos? —
2

x T —cosx 3Jcosx 3
+in|ton (54+5)|]- 15t TR gty e

sin 4x 3sin 4x 3 n 1
16 cost 4 + T9cos? 4x+3—2-ln | tan (2x+T) | . 1356, — tanbx—x,

5
1357. —ci;—x—-lnlsmxl 1358. —gcot’x+cotx+x. 1359. %tan’—g-—{-
x*  sin 2«® cot® x
+tan’—3--—-3tan—+31n +x. 1360. T8 1361. ——3—— .

1362. ——/cos‘x+ /cos‘°x——- 3/ cos™x. 1363. 2 ¥ fan x. 1364.

x x
tan 5 tan —

COoSs +

—=X
V
I’ where z= Vtanx 1365. _cols%_i_

Z'+2’ V2+1___1_ arc fan 2 V
P V2t V2 7o

cos 2x sin 25x . sin 5x¢ 3  bx x 3
+ T 1366, ~——0v— 50 +— 10 . 1367. 5 sin E—+3Sln-6—. 1368. 7“53—

1 sin 2ax | x cos 2b tcosq;_m&ot+q>) sin x
-5cosx. 1%9.T+ 3 . 1370, 2 Yo 1371, D) +

xIn
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X
tan=—2
sinbx  sin7x 1 1 1 1 2
55t . 1372, 24c056x—ﬁcos4x-—§cos2x. 1373. —4—ln —
tan-§+2
x x
1374 —V—__lnltan(i—i-—s-)‘. 1875, x—tan 3. 1376, —x-+tanx+secx.
tan %—5 N 12
1377. In - . 1378. arctan(l+tan‘—2) 1379. 3* ln]2slnx—|—
tani—-B
+4 3crsx Solution. We put 3sinx 4 2cosx=a(2sinx + Jcosx) +
+Pp(2swx43cosx)’ Whence 20—3p=3, 3a+28=2 and, consequently,
u_l? ﬂ__f) W have 38mx+2usxdx_l2 dx--—5-><
13° BERER € S2smx+3cosx _E’»S 13

(2sinx43eosvy 12 5 . .
XS m dx—-ﬁx—ﬁ In I 2Slnx+3cosx I 1380. —In Icosx——slnx‘.

tan x

1381. l— arc tan (—2—

3 ) Hint. Divide the numerator and denominator of the

'. Hint. See Problem 1381. 1384. —;—lnx

fraction by ccs?x 1382, —V—zarctan
2tanx+3— V13
Qtanx+3+ ¥V 13

| Hint. See Problem 1381. 1385.

). Hint. See Problem 1381.

1383 —— In
V73

tan v —

P — 2
— 31 —cos 1386. ln(l+sm x).
1387. ' =ln V 2+sin2e 1388, L1n3=S0F  yage 2 arctan x
V 2 —sm2x 4  l—smnx V3

2tan3—1 3tan X —1

X ——F — arctan ——————. Hint. Use the identity
V3 V 22

1 1 1 tan 5
1390. —x+421n|———/|. Hint.
x
tan 5-{-—1

1 —sin x --cos x 2 cosh® x
Use the ldent]‘y m +m . 1391. —coshx.

LI .
1392. __+smh2x sinh4x sinh% x x  sinh4x

3 1393. yam 1394. —§+ 39

tanh? x
1395. In ‘ tanh = 03 |+coshx' 1396. —2coth2x. 1397. In(cosh x)——2—-

(2—sul x) (3—s1n x) =% smx 3—smx’

3 tanh=+42
3
1398. x—coth x—-c-o—th—x. 1399. arctan(tanhx). 1400. —-—-arctan( ——3——>

3 Vs Vs
2
or -Vl_%arc tan (&* V?:)] . 1401, —E-"—;-——-—sﬂ{—:z—’f—-i Hint. Use the identity
ST —coshy = (sinh x 4 cosh x). 1402. —— 1n ( ¥V 2cosh x4 V cosh 2x 2x).

\
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1403. ’-‘—*Qi—l VI—Zi—w+ 2aresin *-L . 1404, 5 VEIFZ+ine+ V2o,

2
1405, % V9 +x2—% In(x4 V9+x’). 1406. x%l Vx’—2x +2+4
+%1n(x—1+ Vxi—2x+2) 1407. % Ve—4—21in|x+ Vxr—4|.
1408. 2’62—1 Vi +x—%ln [2¢4+1+4+2VxE5x]. x—2-3 VxE—6x—7—

—8In]x—3+ Vx¥—6x—7|. 1410, 6%(2x+l)(8x2+8x+l7) Vaerxtil4

x—1

—2x+5
ezx

1415. —2-)(

+1%781n(2x+l+2l/x’+x+l). 1411. 2]/’1:—? 112 ;
1413. arctan 2V 2 e L '/l+"+"'/2

ViTYiEs ey ViV

X <x4—2x’—{—5x’—5\:+%> 1416. 1 (x'+— sin 6x + € cos 6x-—-l
2X

6 5 T sin Gx) .

1417. —”“65 3 +5"1'83"+“;”—S”% 1418. ‘% (2—sin 2x —cos 2x).
X 3 . .

1419. % (25”2";_‘“(52’6—4“" 4x1;—c S4t>. 1420. e—;-[x(sinx-l—cosx)——sinx].

1421. —i+lm1e’=-—u+l|n(ex+2) 1422, x—In(2+¢*+2 V& TxE1).

1423, % [x’lnl+x+ln(l 2)+x’] 1424. xIn? (x+ V1+x)—2 V1 +x2X

2
X1n (x+Vl+x‘)+2x. 1425. % lgo)arccos (5x —2)— 5x]gb6x
me 1426. sinxcoshx;cnsxsmhx. 427, I,= P ll)al
X . 1 7/ X I = 1
X W+(2ﬂ—3)]"_,] H Iz=§55(x2+a2+ arctan s = 4(13)(
% (3x%+ 5a? x cos x sin™~ ‘x n—I1
[2;"&—%—’%4_2& arctan E] . 1428. I,=— . + n |
_3x cosxsn®x  3sin 2 __ cosxsin‘x 4 2 8
I"—?_ 1 -5 l‘_—-————s-—-—ﬁcosxsm x—lscosx
sin x n—2 sin x 1 x  x .
U, L= o e 2T gty e (545
l.=§%%+-§—tanx. 1430. [,=—x"e"*4-nl,_;; L,,=—e " (x4 10x°+
1 —
+10-9x%4...410-9.8 ... 2x4+10-9... 1). 1431, Vnarctan‘/zl(fx__ l)
—1)2
1432. In VY x2—2x+2—4 arc tan (x—1). 1433. (x_2_ll_+_1 In (x’-}- x+-2—) +

1 1 ]/ x? x+3)_ 1 1
+garctan @e+1). M4 gln |/ = 1435, 2‘"| x+2 x+3"
1

4 _x+1 1 X
1436. (ln Vx”—i—l ~ F l) . 1437, 7 (m_*_ﬁ arc tan -ﬁ) -




426 Answers

x+1 1 x—2 2x—1
) : 14;_9_ 6 (x*— x+l)‘+ 6 x2—x+1
2 —1 x3+2Vx) 1 4 1

+W—_arc tan V._ 1440. W . 1441. '—-;-—é-x—v.—_;——fx‘;

1442. In (x+—2-+ Vx’+x+l). 1443. Vﬂ—% ;/(“z“x)s. 1444, ———

3 x+1
ws, 2oL 8. —2(3/5—x—12—4In(1+ }/5—x.

Vi:Toc+ 1

77, In|x+VEa—T|— 1448, — L ]/'—_—"’ 1449, Ly
' : 2 et 9. 2

_2|

+

—*
VYV i—1 )
241 x—1

‘ T Vsl 8}/3

2
o 2(x+1) 1 _1/1 1 ) X vETs
Xarcsin prwal Hint. x__—’+4x_T( vy 1452. 5 Vx

9 — 1 —
—5n |x+ Vx¥=9]. 453, o (8x—1) V x—ax +g rc sin (8x—1).

1454. In x ’ uss, P2+ VEFAFT
A+1+2V e txt1 3

_“‘_*2"” l/x"+2x—|—2—lln(x+l+Vx=+2x+2). 1456. V";"'_

Tv2 __ 18 3
_l/_%_”_ . 1457. .'_ Kl_x___’
3x 3 l—x'+l

Xare sin 1451,

°°I

x

1458. —%lnlz—ll-&-

3

1., AR 5
—|—€ln(z +z+1)—7=arctan VT&' where 2= 1459. — x

2
xin(x2+ V i+ 1460. Il_x_*_sn_n‘i&c_i_s%‘:_x . 1461. In|tanx|—cot?2x—

1 . 2 V (cotxy® 5 . 5/
— cot'x 1462. —cotx——-—-3—. 1463. 15 (cos® x— 6) 3/ cos? x.

cosbe * 3Jcos Sx 5x tan®*x  tanS«x

20 s1u8 5x 40sm=5x+4o ta"?l' 1465. 3T 5

1 2 x
1466. Tsm2x. 1467. tan (-2—+T)+2ln,cos(5+-47)|. 1468. —-——x

75

) 1470. arc tan (2 tan x+1).

1464.

x
san = —
4 %an 1 2 tanyx

Y10

X arctan

V3 V"

1469. —— arctan (

tan x 1
——=X

V3i/ v2
p)

tan =
’xarctan< V_‘2>. 1473. Injtanx+2+ Vian?x+4d tanx+1] - 1474-—;-x

1 1 2 (=3
. <1 -5 . . ==
1471 3 n|tanx +sec x| 7 cosec x 1472 starc tan

e 2
XIn (sin ax + Va’+s1n‘ ax). 1475, —l x tan 3x+-— Injcos3x|. 14786. x_

!
xsin2x  cos 2x e? 1 —
—-— - W 7‘2"—”' 1478 -é-e . 1479, E"“ yi—x-—
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2 SR P
—'é'lnl"""ll"ﬁ“ﬁ_'(l{' 1480. Vl+;z’arctanx—ln(x.+ Vl+x=).
1 3x 1 5x x
1481. §-sin—2——msin—2-—§sin§ . 1482, ~T¥tanz’ 1483. In |1 4-cotx|—cot x.
3 L
st S20°F 1485, —2cosh Vl—x 1486, +Incosh2x. 187, —xcoth x+
1 e*—3
+In|sinhx|. 1488. §:—x T+ ln[e" —2|. 1489. garctan 5 -
4 4T 1%, 1491 ‘ll—ﬂ 1492 —l—ofx
1490. = 1/ +D) _3 4GRS Syl V 2T 10
X
a_gp X 41 493. 2VEFEFi4m L=t
X(” l+ln10+2ln’10)' ! Verti+ VEritl
’  —e
1494. In X |_arctanx g4, —l(x'arcsm—l+" +2Vx=—1).
V1+x2 X 4 X 3

1496, g—(coslnx—f-sinlnx). 1497. %(—x’c055x+%xsln5x+3xc055x+

+2—250055x—%sin 5x> . 1498. -%—[(x’—?)arc tan (2x+3)+%1n (2x2+6x+5)—
X 1 1 . - x|x| -
._7]. 1499. Vx—x +(x—7) arcsin ¥ x. 1500 —5

Chapter V

T? 21 —1
1501. b—a. 1502. voT—g-2—-. 1503. 3. 1504. o 1505. 156.

Hint. Divide the interval from x=1 to x=5 on the x-axis into subin-
tervals so that the abscissas of the points of division should form a geo-

metric progression: x,=1, x,=x4q, X,=x4% ..., Xx,=x4" 1508, In% .
Hint. See Problem 1505. 1507. 1—cosx. Hint. Utilize the tormula
sina 4-sin2a 4 ... +sin na = [cos %——cos(n—}-—;)a] . 1508. 1) ;—%:

2sin—2-

1 —
== )db_——. 1509. Inx. 1510. — VT +5 1511, 2re~*'—e=*",
c‘;j’i+ cos ;. 1618, x=nn (n=1,2,3, ...). 1514. In2. 1515. -3,
1516, e*—e~*=2sinhx. 1517, sinx. 1518, -l— Solution. The sum s,=

2
n'+ n’+ +n_—-_1=_’17(nl+_'27+.”+ n— l) may be regarded as the inte-

gral sum of the function f(x)=x on the interval [0,1}. Therefore, lim s, =
n-»w

1512,

1
1
=Sxdx= . 1519. In 2. Solution. The sum s"=n+l
o

2+ +n+n

1
=_—% —t— =\ may be regarded as the integral sum of
I+— 14— I+—
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the function f(x)=l_-:-x on the interval [0,1] where the division points have

1
the form x =l+£ (=1, 2, ..., n). Therefore, lim s,= L:
k n n +
[}

n—>w
1520. L . 1821, 1 1522. l0—0——33 . 15623. 1 . 1524. !ﬁ . 1525, —Z .
p+1 3 9 3 3
1526. —;-ln% . 1527, lnF . 1528. 35 —321n3 1529. arctan3—arc tan2=
1 4 n k44
=arctan-,7— . 1530. ln-§- . 1531. E. 1532. I—T 1533. T 1534. -2—-
LV Vs w1 2
15635. —3— — - 1636. 8+T' 1637. 3 1538. In2. 153;9. 1—cos 1.
L T : _ 1
1540, 0. 1541. m+§. 1542, arc tane—7-. 1543, sinh 1= (e__e.) ,

1544. tanh (In 3)—tanh (In 2)=%. 1545. ——I;—-i—%sinh%t. 1546. 2. 1547. Di-
verges, 1548. l—l—p if p<li diverges, if p=1. 1549. Diverges. 1550. % .

1551. Diverges. 1552, 1. 1553. 1, if p>1; diverges, if p<<1. 1554. m.

15655. Vn—_-_ 1556. Diverges. |557. Dlverges. 1558.

1560. %- 1561. Diverges. 1562. ,'e 1563. -8- 1564. —+ In3 1565. 2“3,

1566. Diverges 1567. Converges 1568. Diverges 156). Converges 1570. Con-

verges. 1571. Converges 1572. Diverges 1573. Converges. 1574. Hint. B (p, q)=
'

-_S f(x)dx+S f (x)dx, where f(x)=xP~"'(1—x)?""; since xln_r.no F(x)x'~P=])

l

1559. Diverges.

|

n

'—‘IO

ana lim (l—x)h'qf(x)=l, both integrals converge when 1 —p<1 and 1—g<1,

x -1
@

1
that is, when p>0 and ¢>0. 1575. Hint. T (p)= S f(x)dx+ S f (x) dx, where
o

f(x)=xP~le~%,  The first integral converges when p>0, the second when p is

I
2 2 dt Ins
arbitrary. 1576. No. 15677. 2 2 tdt. 1578.
roitrary V jr § l/l-i—sm”t g a.
n Inz2
o
wi(arc tan t) 9
1580. ‘S—ﬁ_t’—dt. 1581. x=(b——a)t+a. 1582.4—21n3. 1583.8—mﬂ.
n k11 n 11 —_ 14
1584. 2—= . 1585. —— 1586, ———— . 1587. 1——. 1588. 3—=—
2 V3 2V T+at 4 4 3
2
1589. 4—x. 1590, %mn?.. 1591. In LV—. 1592. -;—-g-%. 1593. “T“
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1504, . 1599, T 1. 1600. 1. 601, EF3

|
. —— - 1602 (4. 1603. 1.

@
a b - .
1604. e 1605. IR 1606. Solution. I‘(p+l)=S xPe=* dx. Applying
the formula of integration by parts, we put x”=u, e""odx=du. Whence
du=pxP~'dx, v=—e"%
and
o
T (p+1)=[—xPe=*|7+p | x7~1e"* dx=pT (p) *
[}

Ui p is a natural number, then, applying formula (*) p times and taking into
account that

®
I‘(l)=S e~ *dx=1,
[\]

we get:
T(p+1)=p
1607. /,,= %ST_G__QEQ%—Q%' if n=2k is an even number; /=
2.4.6 . 2k

I35 ... D’ il n=2k+1 is an odd number

128 637
lo=315° =% -
(p—=D!g—! lg(mtl ntl ; 2.
‘608. —([—)W;_])'— 1609. 9 B 9 . Hint. Put sin x=t.

1610. a) Plus; b) minus; ¢) plus Hint. Sketch the graph of the integrand for
values of the argument on the interval of integration 1611. a) First; b) second;

3
c) first. 1612, 1 1613. a. 1614, —l~ 1615. — . 1616. Qarcsin-l—.

3 2 8 3
- 2 2 2 2 n?
1617. 2<I<V 5. 1618. g<I<Z . 1818, pa<i<za _lszo. 0<l<z; .
. . . 1 V2 32
Hint. The integrand increases monotonically. 1621. —2—<l<——2—. 1623. s=7.
1624. 1. 1625. —;— Hint. Take account of the sign of the function. 1626. 471- .
1627. 2. 1628. 1n2. 1629. m?1n3. 1630. na®. 1631. 12. 1632. %—p’. 1633. 4—;— .
2 32 n 1 1
1634. 10—5. 1635. 4. 1636. 3 - 1637. 775" 1638. e+-—e——2—-2(coshl——l).

1639. ab |2 V 3—In 2+ V 3)]. 1640. %na'. Hint. See Appendix VI, Fig. 27.
1641. 2a%e~'. 1642, —;-a’. 1643. 157. 1644, —g—lnS. 1645. 1. 1646. 3na®. Hint.

See Appendix VI, Fig. 23. 1647. a? (2+%). Hint. See Appendix VI, Fig. 24.
4 4 16 4V3 32 4V73 3
1648. 2ﬂ+'-3- and 6“——5 . 1649. ’g ﬂ—'—a— and —:T n+4 3" 1650, ?nab.
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1651, 3ma®. 1652. n (b4 2ab). 1653. 6at. 1654. -g—a’. Hint. For the loop, the
parameter ¢ varies within the limits 0<{f<C4 o See Appendix VI, Fig. 22.
1655. is-:m’. Hint. See Appendix VI, Fig. 28. 1656. 8na®. Hint. See Appen-

2
. . nat nat .
dix VI, Fig. 30. 1657. < 1658. a®. 1659. - Hint, See Appendix VI,
. 9 14—8V72, np? ./n V3
Fig. 3. 1660, 5. 1081, g —at, 1662, - TPop. 1660, 0 <§+

1664. = /' 2. Hint. Pass to polar coordinates. 1665. %(10 Y10—1).
1666. )} h*—a®. Hint. Utilize the formula cosh?!a—sinh*a=1.

— — S — 2 __
1667. VT +1n(1+ VT). 1668, VIFe— YT 41n Y I1Te ?(ﬁ*'l).

3 1670, In(e+ Ve=1). 1671. In(2+ V'3) 1672 —1(e’+l).

?.
a = e —1 sinh b 1 .,

1673. aln-. 1674. 22 V3™, 1675. In_—y+a—b=In . 1676. —aT*.
. . 4 (a*—b%)

Hint. See Appendix VI, Fig. 29. 1677. —

+%ln (2n+ V' T+ 4n%) . 1680. 8a. 1681. 22 [V 2 +1n (V2 +1)]. 1682. —'€—5+

g TL 2 H
é-'*—?ﬁ L‘/—%ﬂ 1684. %[4+m 3]. 1685. "% | 1686, 2 nape,

+1n 30 3
4

a’n ., - 3 . _n _
1687. ST (e +4—e™?). 1688, ?n. 1689.  v,=-r. 1690. v,=—um.
1601. u,‘=—g-: v,=2m. 1692. lﬁ;“ . 1603, S2na0. 1604, %np’. 1695, = .

5 10
' ]
1696. ’%(lS—lGln 9). 1607. 2n%a®. 1698.

1669. 1 +% In

. 1678, 16a. 1679. na } 1+ 4n? +

. 1683.

2
nR2 H. 1699. gnh’a. 1701. a) 5n%a®;
3
b) 6ntad; c¢) ‘%(9;9-16). 1702, 2 a2 1703 S 1704 2

105 3 21
Ab+-aB nabh 128 8
2

+ab). 1706. —— . 1707, 1708. — ma®h.
16

3 105" 3
1709. -+ na2n. 1710, 1800, 1711, na? Vg, 1712. mabh (1+—"i" 713, 2 e
3 34 3 ) 3 .

ma, BTt Bt YVE-8l s 2w (VT +in (Y2 4]

1m6.  a(yY5— V‘E)+nln%fl—‘). M7 a(VZ+in(+¥2)).
2 2

1718. "T"(e=+e-'+4)=“—;— (2+sinh 2). 1719.%:«12. 1720.-;‘-(e—1) (€ +e+4).

1721. 4n%ab Hint. Here, y=0b+ Va’—x‘. Taking the plus sign, we get the

external surface of a torus; taking the minus sign, we get the internal sur-

2, 2nab 2, W, 148

face of a torus. 1722. 1) 2nb +T arcsine; 2) 2na +—e— In =

T pt 2
8=}—/—9-a—b- (eccentricity of ellipse). 1723. a) -6—4-;3-; b) 16n%a?; c) %na’.

1705. -% (AB—}-

where
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1724 lz—snaa 1725. 2na* (2— V'2). 1726. %fnaa 1721. Mx=.’;— Vit
2 2 3
My=—a2— Vet 1728 Ma=9§; M,,=‘12—b. 1729. MX=MY=—%-;
;=§=—“3-. 1730. MX=My=—g—a’; ;=g7=-§—a. 1731, 2na®. 1732, x=0;
E=%2:;‘;:’2. 1733. ;c‘:“s:“; 7=0. 1734.7=na;3=%a. 1735. 7=;T‘:;
4b - =9 - =5 a
Y=35, 1736. x=y=g5. 1737. x=nma; y=¢a 1738. (0, 0,5-). Solu-

tion. Divide the hemisphere into elementary spherical slices of area do by
horizontal planes. We have do=2na dz, where dz is the altitude of a slice.
a

2n§ az dz

Whence z = gt

=—;—. Due to symmetry, x=y=0. 1739. At a dis-

tance of % altitude from the vertex of the cone. Solution. Partition the

cone into elements by planes parallel to the base. The mass of an elemen-
tary layer (slice) is dm;=ymng?dz, where y is the density, z is the distance

of the cutting plane from the vertex of the cone, Q=LZ. Whence

h
h 2
e S E’-’ 22 dz
Z= —1°——=%h. 1740, (0; 0; +-g-a) . Solution. Due to symmetry,
T nreh

*=y=0. To determine z we partition the hemisphere into elementary
layers (slices) by planes parallel to the horizontal plane. The mass of such
an elementary layer dm=ynr®dz, where y is the density, z is the distance

of the cutting plane from the base of the hemisphere, 7=} a*—z? is the
a

T S (a2—2%) zdz

radius of a cross-section. We have: —z'=—°——2———=i83-a_ 1741. I=rna.
— na?
3
1142, 1, =L b Iy=L o, 1743, 1= nor. 1724, 1,= L naps; 1, =L na%
IR T - B - R A T A

1745, ]=l?n(R:—-R:). Solution. We partiticn the ring into elementary

concentric circles. The mass of each such element dm=y2nrdr and
R,

the moment of inertia 1=2n§' R dr=% % (RS —RY); (y=1). 1746, [ = %nR‘Hv.
R,
Solution. We partition the cone into elementary cylindrical tubes paralle!

to the axis of the come. The volume of each such elementary tube is
dV =2nrhdr, where r is the radius of the tube (the distance to the axis of

the cone), h=H (l—k'—) is the altitude of the tube; then the moment of
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ynR*H
10

R
inertia I=yS2nH (1-—%) ridr= , where y is the density of the
[}

cone. 1747, I=—25—Ma’. Solution. We partition the sphere into elementary
cylindrical tubes, the axis of which is the given diameter. An elementary

2
volume dV =2nrhdr, where r is the radius of a tube, h=2a l_-gz-
a
s
is its altitude. Then the moment of inertia / =4nay s‘ Vl_ %r'dr:% na‘y,
; u
where y is the density of the sphere, and since the mass M=—;—na'y, it fol-
lows that J=%Ma’. 1748. V=2n%%h: S-=4n2ub. 1749. a) Y=y_:—§— a;
b) ;=!/—=%p. 1750. a) x=0, y—z—%—;-[— Hint. The coordinate axes are cho-
sen so that the x-axis coincides with the diameter and the origin is the

centre of the circle; b) ?:%' Solution. The volume of the solid—a double

cone obtained from rotating a triangle about its base, is equal to V:% mbh?,
where b is the base, h is the altitude of the triangle. By the Guldin theo-

rem, the same volume V—;?n;—l—b’r. where x is the distance of th: centre

2
. —_ h gtz
of gravity from the base. Whence «x =3 1751. Ul =% -
c < Uy ) v, . 2 .
1752. % In l-{-—c—_— . 1753, x= SISO Vg =Y 1754. S=10' m.
A a A a
1755. U=? ln(m), h—-'b—z‘ X {bl‘—(a—bll)‘na—bt‘] . 1756. A=

_—_%Y R2H? Hint. The elementary force (force ol gravily) is equal to the
weight of water in the volume of a layer ci thickness dx, that s, dF =
=ynR2dx, where y is the weight of unit volume of water. Hence, the ele-

mentary work of a force dA==ynR*(H—x)dx, where x is the water level.

1757, A=TCyRHYL. 1758, hA:_E} RTM=079-100=079-10" kgm.
1759, A=ynR'H. 1760. A=—"E"_; Aw=mgR. Solution. The force acting
1+2
R

on a mass m is equal to F=kmr—/:1, where r is the distance from the centre
of the earth. Since for r=R we have F?mhg, it follows that kM =gR?. The
+

. t . mM 1 1
sought-for work will have the form A= 5 k e dr=FkmM (—R—-—m)=
=_m_gjh__ When h=c we have Aw=mgR. 1761. 1.8:10* ergs. Solution.
7
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The force of interaction of charges is F-—— dynes. Consequenfly, the work

performed in moving charge e, from point x, to x, is A=e.e,‘s‘§-f=
Xy
=e,e, (i———:—):l.s-l()' ergs. 1762. A=800 nin2 kgm. Solution. For an
isothermal process, pv=p,v,. The work performed in the expansion of a gas
14

from volume v, to volume v, is 4= S‘p dv=p°voln%. 1763. A=15,000 kgm.
D o

Uo
Solution. For an adiabatic process, the Poisson law pvk=pou’;. where

Pov vk PV v, \ k-1
k=>1.4, holds true. Hence A= g 0 dy~ L% [1._(_0) ] R
R—1 v,

1764. A-——-ina Solution. If a is the radlus of the base of a shaft, then

the pressure on unit area of the support pz-:% . The frictional force of a

2
ring of width dr, at a distance r from the centre, is gf:—,P-rdr. The work per-

formed by frictional forces on a ring in one complete revolution is
a

4npP 4P
a? a?

dA = r®dr. Therefore, the complete work A= X Sr’ dr=%ﬂp.Pa-
(]

1765. l MR?@?. Solution. The kinetic energy of a particle of the disk

mv’ erin?

dK_———=—2—d0. where do is an element of area, r is the distance of it

from the axis of rotation, @ is the surface density, Q=T—[—[g—,. Thus,.
R

dK =2/‘:g: /2 do. A:;;)’Sr'dr=M§2m’ 1766. K=§%><MR’0)’.
0

1767. K_-—R’cu3 2.3-10° kgm. Hint. The amount of work required is equat

o the reserve of kinetic energy. 1768. p=b—6— . 1769. P_(a+2b) » =11.3-10° T

1770. P =abysh. 1771, P=nR;H (the vertical component is directed upwards).

2
1772 633 1 gm 1773, 99.8 cal. 1774, M=""Lgf em. 1735, f"i”;) (k is the

gravitational constant). 1776. 8’;:1 Solution. Q = S‘v2nrdr~_“ps(as__,:),d’=

_np [a‘r’ r‘]a npa*

ab®
—_— = = = t -
=oui | 2T =8l 1777, Q= Sv,dy 3 pw Hint. Draw the x-axis

15—-1900
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along the large lower side of the rectangle, and the y-axis, perpendicular to
dv_
tdt
v,d
whence dt=%dv, and consequently, the acceleration time is t=§;v=s.

e
Uy

1779. Mx=—§%-(x—t)dt+%x=—g- [xt—t—z]:-l—g— =%‘(1——’1‘—>.

Uy
it in the middle. 1778. Solution. S=S%du; on the other hand a,
Uy

i 2 2%

1780. Mx=—5‘(x—t) ke dt -+ Ax="2 (=&, 1781, Q=0.12 TR/} cal. Hint.

[
Use the Joule-Lenz law,

Chapter VI
178 V=2@—o)x 1783, S=2(x+y) VETIG—0)
1784. f(% 3)=—§’—; F(, —l)=—2. 1785. y;;y"z, ";:yyz, y;;f’,
x,f"_x_yy,. 1786. f(x, x)=1-4x—x2. 1787. z=T—_’?f§,. 1788. f(x)=1/l;l.xz.
Hint. l?epresen‘ the given function in the form f(-g—): ]/(%)2-}-] and
replace % by x. 1789. f(x, y)__:x’-?xy_ Solution. Designate x+y=u,
x—y=v. Then x=u-|2—.v , y=u——2£; f (4, v)___u—|2-v . u—2—v+(u-;v)’=
;__u’—;uu. It remains to name the arguments u and v, x and y. 1790. f (u) =

=u?+2u; 2=x—1+Vy. Hint. In the identity x=1+F(Vx—1) put
Vix—1=u; then x=(u+1)* and, hence, f(u)=u?+2u. 1791. [(y)=
=VT+y%, z=Vx+y® Solution. When x=1 we have the identity

14 +"y='=1-f(%), i.e, f(=VTFg. Then f(%)= ]/1+(’%)2 and
2
2=X l/ 14+ (%) =V x*+y?. 1792, a) Single circle with centre atl origin,

including _ the circle (x*4-y2< 1); b) bisector of quadrantal angle y=x; c) half-
plane lo®ated above the straight line x4-y=0 (x+4y > 0); d) strip contained
between the straight lines y= £ 1, including these lines (—1<<y<1); e) a
square formed by the segments of the straight lines x= 4 1 and y = & 1, includ-
ing its sides (—l<<x<<1, —1<<y<<1); f) part of the plane adjoining the
x-axis and contained between the straight lines y = + x, including these lines and
excluding the coordinate origin (—x<<y<<x when x>0, x<y<<—x when
x<0); g) two strips x>=2, —2<y<<2 and x<<—2, —2<<y<|2; h) the
ring contained between the circles x*+y*=a® and x*+ y*== 242, including the
boundaries; i) strips 2an < x<<(2n+ )7, y =0 and 2n+ 1) < x < (2n+2) 7,
y&0, where n is an integer; j) that part of the plane located above the
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parabola y=—x?(x*+y > 0); .k) the entire xy-plane; 1) the entire xy-plane,
with the exception of the coordinate origin; m) that part of the plane located
above the parabola y?=x and to the right of the y-axis, including the points

of the y-axis and excluding the Foints of the parabola (x=0, y> Vx);
n) the entire place except points of the straight lines x=1 and y=0; o) the
family of concentric circles 2nk<<x*4-y*<<n(2k+1) (=0, I, 2, ...).
1793. a) First octant (including boundary); b) First, Third, Sixth and Eighth
octants (excluding the boundary); c) a cube bounded by the planes x= + 1,
y= 4+ 1 and z= £ 1, including its faces; d) a sphere of radius 1 with centre
at the origin, including its surface 1794. a) a plane; the level lines are
straight lines parallel to the straight line x4y =0; b) a paraboloid of revo-
lution; the level lines are concentric circles with centre at the origin;
c) a hyperbolic paraboloid; the level lines are equilateral hyperbolas;
d) second-order cone; the level lines are equilateral hyperbolas; e) a parabolic
cylinder, the generatrices of which are parallel to the straight linex+4y+41=0;
the level lines are parallel lines; f) the lateral surface of a quadrangular
pyramid; the level lines are the outlines of squares; g) level lines are parab-

olas y=-Cx®; h) the level lines are parabolas y==C Vx: 1) the level lines
are the circles C (¥2+y?)= 2x. 1795. a) Parabolas y ==C—x?(C > 0); b) hyper-
bolas xy=C (|C|<<1); c) circles x®+4y*=C? d) straight lines y=ax4-C,
c) straight lines y—=Cx(x#0). 1796, a) Planes parallel to the plane
x+y-4-2=0; b) concentric spheres with centre at origin; ¢) for >0,
one-sheet hyperboloids of revolution about the z-axis; for u <0, two-sheet
hyperboloids of revolution about the same axis; both families of surfaces
are divided by the cone x*+y*—2z*=0 (u=0). 1797. a) 0; b) 0;c) 2;
d) €% e) limit does not exist; f) limit does not exist. Hint. In Item(b)
pass to polar coordinates In Items (e) and (f), consider the variation of x
and y along the straight lines y=4kx and show that the given expression
may tend to different limits, depending on the choice of k. 1798. Continuous.
1799. a) Discontinuity at x=0, y=0; b) all points of the straight line
x=y (line of discontinuity); c¢) line of discontinuity 1s the circle
x*+4y?=1; d) the tines of discontinuity are the coordinate axes.

1800 Hint. Putting y=y,=const, we get the function ¢, (x)= 24, , wWhich
4y,
is continuous everywhere, since for y, # 0 the denominator x2+y% # 0, and

when y,=0, ¢,(x)==0. Similarly, when x=x,=const, the function

¢, (y) = 22’\"” - is everywhere continuous. From the set of variables x, y, the
4

1
function z is discontinuous at the point (0, 0) since there is no limz. Indeed,
X —>0
y—>0
passing to polar coordinates (x=r cos ¢,y =r sin @), we get z ==sin 2¢, whence it is
evident that if x - 0 and y — 0 in such manner that ¢ =const (0 << @ < 2n),
then z — sin 2¢. Since these limiting values of the function z depend on the
direction of ¢, it follows that z does not have a limit as x — 0 and y — 0.

0z .. ., 0z _ 0o 9z 2% 9z 2x
1801. 0x—3(x ay), ay—3(y ax). 1802. TG W GEg
1803, 22— _¥ 0z_ 1 wsoa, 2 x  0z_ v
Tox x*' dy x° ) ax_y'x:_yz' oy Ve—yt®

0z y? 0z xy 8z 1 0z
1805, —=—2 _ Z=—_ M _ {806 e o2
O (yn’ht % fyh 0% Vrty' %

y a9z Y 0z X

- ox = 9z_ .y
= Vitgt(x+ Vx’+y’)' 1807-ox—" Py R il gy 1808. ax_yxy ,

4w
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sln-y— ® ln-y—

=x’Inx. 1809. 9-’—-——5’-3 feos ¥, %2 _ L, " Foos L g0, o
x2 x' oy «x X’ ox

_xy Vs =2yt ¢_3_z=_yx’ V2x'—2y’ 1811, dz 1 x+a
Tyl(*—y% * oy ly | (x*—y%) Vy Vy

02 x+a x+a 0 Ou -, Ou

- = —— 1812. 3 =Y =1 ~—=-xzx 21— =(xy)*In(xy).

W= "oV " Vy y2 (Yt G = xexy) T =) Inlxy

. ou Xy ou x ou - ’
. == — =x2*Y —==xyz*y ", . =
1813 w= Inz, P x2*Y Ine, 5; = e 1814. . (2,1)

L@ D=0 1815 [, 20=1 f20=g5 [0 20=

wl-—wl-—-

1820. ——— % . 1821, r. 1826, z=arc tan i+q>(x). 1827. z=—2- +

s e
+y'lnx+siny——l— 1828. 1) tana=4, tanf=, tany—-— 2) tana = o,
1 oS 1 s 1 oS
tan f=4, tan Y=7- 1829. 3a=7 h, b= h, 5’—1=?(a+b). 1830. Hint.
Check to see that the function is equal to zero over the entire x-axis and
the entire y-axis, and take advantage of ?he definition of partial derivatives.
Be convinced that f 0, )= [ 0, 0)= 1831. Af=4Ax+ Ay + 2Ax* +
+2Ax Ay + Ax? Ay; df=4dx+dy; a) Af—df=8; b) Af—df==0.062.
1833. dz==3 (x*—y)dx+ 3 (y2—x)dy. 1834. dz=2xy’dx 4 3x*y*dy. 1835. dz =

(),_‘_U,),(xy 2dx—x2y dy). 1836. dz=sin 2xdx —sin 2ydy. 1837.dz=y*xY ~'dx+
—+xY (1 +ylnx)dy. 1838.dz= ,+ 5 (xdx+ydy). 1839. df— praras (dx——-dy)
1840, dz=0. 1841. dz= 22[ (dy—;dx). 1842 df (1, 1) = dx — 2dy.

xsin =
1843. du=yzdx+;xdy+xydz. 1844. du=———1———;(xdx+ y dy + z d2).

®2+y?
1845. du= (xy+—x-)z_‘ [(y-{-—]—)zdx—{— (I—l> xzdy + <xy+i> In x
) y Y y? y h
x z
X(Xy—*-?)dl]. 1846. du’:;w

=%(5dz—3dx—4dy). 1848. d!=0.062 cm; A/=0.065 cm. 1849. 75 cm?® (rela-

(y dx 4 x dy— 24 dz). 1847. df (3, 4, 5) =

tive to inner dimensions). 1850. —;- cm. Hint. Put the differential of the area

of the sector equal to zero and find the differential of the radius from that.
1851. a) 1.00; b) 4.998, c) 0.273. 1853. Accurate to 4 metres (more exactly,

4.25 m). 1854. P e ﬂl 1855. da=l(dycosa—-dxsina). 1856. d_=

‘ eVig Q dt

_e(tint—1) du t x x

=—7 e - 1857 Vy 77(6—5?) 1858. —_Zt Int tan ¢+
2 2

_}_(U + tant (¢ +l)lnt 1859. _:_0 1860. ‘1_= (sin %)% * (cos x cot x —

¢ cos2t ' dt
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0z _ y . dz_ 1 0z . ,_, dz
— sin x In sin x). 1861. ity LR i w1 1862. a;_yxy H

=xY [tp' *) In x+%] . 1863. gz-=2xf;(u, v) + ye*¥f, (u, v); —y== —2f, (4, v)+

’ 0z 0z dz 1
+ xe*Vf, (u, v). 1864 5;=0. a——l 1865. a——:y(l x‘)f (xy+ )

i) 1\ ., d
= (etg)r(wrd). e Fefy a+e @Iy 2+
-i—f; x, y, 2) [\p; (x, y)—{-\p; (x, )@’ (x)). 1873. The perimeter increases at
3 4
a rate of 2 m/sec, the area increases at arate of 70 m?/sec. 1874. % .
) Vit
1875. 20 /'5—2 V2 km/hr. 1876. _9_‘;_"’1. 1877. 1. 1878. Y2 1879, V3

1880, ‘f—g 1881. °°s“+°“;ﬂ+°°”. 1882. 2) (2. 0); b) (0, O); and (1, 1)

¢) (7,2, 1). 1884. 97 —3]. 1885. l—(51—3j). 1886. 61+3j+2k. 1887. | grad u|=

2 2 1
cosO ==, cosﬂ_—g—. cosy=-. 1888. cos —-'7_7). 1889. tan @ = 8.944;
2 2 2
p~orar. e T . e by . P
2 (pratyt)h Oxdy (papaty)’h’ 04F
_ abcx? Oz _ 2—xd, 0 2« 0z 1
- (b2 +atytyh’ 0t (P ty)? ' ox dy - (Xt o (2 4y)
a2 xy 0%z r r*— a2 Pu
1893. - = T T 1804, 5 =0, 1895, To="0 1896, 5= =
_u ofu  dw o*u o'u 21 3-1 71
O IR rr vt vy it rak L -y LR L
3 ”
1898. a()_gy': —2a2%y cos (xy) —2x sin (xy). 1899. f, (0, 0) =m(m — 1),
fx,/ (0, 0)=mn; f:“/ (0, 0)=n (n—1). 1902. Hint. Using the rules of differen-

tiation and the definition of a partial derivative, verify that f;,(x. y) =
—_— X’—!I’ _iﬂi_ (when &l_*_ 0 0 0 0 d u
Y e o y*#0), f, (0, 00=0 and, consequently,

that for x=-0 and for any y, fx (0, y) =—y. Whence fxu (0, y)=—1; in par-
ticular, f;, (0. 0)= —1. Similarly, we find that f, (0, 0)=1.

ot
1903. Tai*_qu (s 0)+ 46 (0 )+ 4yl (@ v) 457 (4 O);

a!

ox ;y:f" (U, v)+ 4xyf,, (4, V) +2 (P +y" fo, (1. 0+ xyfry (4, )

0%

rr =2f, (. )+ 49", (@, 0)+ dxyfy, (@, v) + 5%, (4, V).

0?2
1904. 0—‘,‘— S M LB



438 Answers

a’ » ’ » ’ ’ ” ’ ’ ” ’ "
1905. 5—? =Fuu @) +2f 40P Wy + Fop (W) +Foy Py + Fo Vi

02
Ox ;y fuu ¢x¢y+ fuv ((lepy_l-‘lpxq)y) + fuu‘px‘lpy + fuq)xj + fv"'pxy ’
" 2 o @+ 2@+ Foy (O Fo @+ e
1914, b, )= ()b (). 1915 & (6, §)=10 )+ &), 1916, Pz—e™ x

X [(y dx 4+ xdy)’ + 2dx dy]. 1917. d%u = 2(xdydz 4 ydzdx + zdxdy)
1918. d?z=49" (t) (xdx+y dy)* 429’ (t) (dx? 4 dy?). 1919, dz= (5—) X
. ex x . o x\¥ ex Y

X (yln-y—dx—}-xln;y—dy), d’z—(g) [(y‘ln’-y——}-;)dx’-}-

ex X X X X
2(xyln =In = ln—) dxd (x'ln’———)dz’].
+2(syin in 20 2 ) drdy + (21002 Y ay
1920. d*z=0a%f,, (4, u)dx=+2abf,w (4, v) dxdy+b*,, (4, v)dy

1921, d?z=(ye*f, + eV}, , + e +If,, + yre?*[,,) dx* +
+2 (e7f,, + €, + xeVf,, +e*+ Y (1 4 xp) f, +ye?*f,,) dx dy +

+ (xeyf' +x’e’yf',;u +2xe"+yf';v e”‘f:,v) dy?. 1922. d?z = ¥ (cos y dx® —
—3sinydxtdy — 3cosydxdy -+ smydy’) 1923. d*2 = — ycosxdx® —
— 3sinxdx®dy—3cosy dxdy + xsin y dy?®. 1924, df (1, 2)=0; d’f (1, 2) =

= 6dx?+ 2dx dy 1+ 4. 5 dy*. 1925. d?f (0 0, 0)—-?dx’+4dy + 6d22 —4dxdy+
+ 8dxdz +4dy dz. 1926. xy + C. 1927, x‘y——+smx+C 1928. x+_/+

+1In(x+4+y)+C. 1929. %ln (x*+y?)+2arc tan—-—+C. 1930. — + C.

1931. Vi y*4C. 1932. a=—1, b=—1, z= ,+ 294 c. 1933, x=+y 422

+ xy+xz+yz+C. 1934, x* +2xy® + 3x2 + y?—yz—2z 4 C. 1935. x?yz—3xy?z -+
+ 4x%y? 4 2x+y+ 3 +C. 1936. §+%+%+C. 1937. VeF+/2+2+C
1938. A= —1. Hint. Write the condition of the total differential for the

xy

expression X dx+4Y dy. 1939. f—f 1940. u-Sf(z)dz-}-C 1941. Zy
= Z:; dd::' af:, Z;, :iz_l‘:yi:' 1942, The equation defining y is the
equation of a pair of straight lines. 1943. %=|_.!i%lyﬂxi——l 1944, Zy !—/%i ;
% a yy), 1945. (%)x=1=3 or —1; (%)x=‘=8 or —8.
1946. %=Zj_f~‘y’; %{:‘ﬁﬁ(‘%%@_ 1947, gz=—%; %:—, i{,
1948, %’Fg“?y;; (%:fiy;;‘x—_;"_fz;—z. 1949. g;-_—%x"_;ycs%sl—yz; z—;:
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Pz_ b=y, 2 My Pz f@—xY) o dz_
o'~ ozt " 0xdy &P’ dyi arz? Codx
Pr 9y
’ ’ +
=—¢—:p_‘7%_ 1954, dz=—§dx —% dy, =37 dx=—2’-‘zi{dx dy +
Yy
x!—at 4 2
+ 5 dyt. 1955. d2=0; d?z= ﬁ(dx’-i—dy’). 1956. dz—= T:(dx-f— dy);
dy dz_ 1 dy ‘d?z 4
2 2 00 —_—== .
dz_—( 2 (‘:x —I—?dxdy-{-dy’) 1(961 L= LTE =% T
ylz—x zZ(x y) 2, e A2y — a
1962. dy-—————( 2) dx; dz= ( ) dx; Py =— d*z = FTo—2p X
ou  Ou Pu  Pu  dw
2 2 —x)2] dy? LBy, gu__ou __ou_ .,
X[(x—y)?+(y—2)2+(2—x)*]dx®.  1963. =y 1; Ey it rr i 3= agt =0;
dv . Ov Fv . v . v _
a——-ly 5 —=0; F m—-l, ay—,—o. 1964. du—l+ dx 4
v 1 v
—dy; dv =—— dx———dy; du=—d¥=
M ET R Ty “ @ (1+1)’dxdy
Adx—o, — P, dx + @, d
_(1—12—0)2@' 1965. du=———————% ; (P,Udy ; dv = idrt 9y .
y Py Py (Pu (PU
lpu \pv lpll wv
0z _csinv 9z _ccosu, 0z __ 1 Q@_ |
1966. a) (TV_——T’ az/———u-—, b) 0 (v+u) @—7(0-—-11)
<) dz=2lz,, [€*~7 (v +u) dx +e"+? (v —u) dy). 1967. g—)-c=F; (r, @) cosp —
smq) 9z 9z _
- , %_ _0_. dy dy _ dy _
_—Ecoscpcotq;, = sin @ cot Y. 1969. ar +dt+y—0' 1970. =9
d*x dx r
1971. a) iy 2y dy =0; b) 37_0 1972. tan p—‘z .
d d? a0
r*42 ( r) —r°L )
de) __ d¢* % 2_,_ Fu
1973. K= o d_r o . 1974, =0. 1975. U z=0. 1976. o +
dg/ |
10  10u 9% 1 0z ow 0w
+ 5 drp’+ r rie =0. 1977, 5090 =%ad0 1978. 5———0 1979, F P =0.
1080 T2 gsr. o) 2e—ty—z—5=0; ES1YEE IR byt
. x—4 _y—=3_z—1 p_ x—Rcosa
—62=0; =7 —5 c) xcosa+tysina—R=0, —osa
—_— 2 2 2
=y—Rslna_z R' 1982, + a N b . 4

sina O Va’+b2+c'; I}/a’+b‘+c" £ Varote



440 Answers

1983. 3x+4y+122—169=0. 1985. x4 4y +62= £2I 1986. xty+z=
=+ V@EF2+c& 1987 At the points (I, + 1, 0), the tangent planes are
parallel to the xz-plane; at the points (0, 0, 0) and (2, 0, 0), to the yz-plane.
There are no poinis on the surface at which the tangent plane is parallel to
7 =0

z
the xy-plane. 1991. 3 ety —sy— 1 =0,

1994. Projection on the xy-plane: {

x=0
Projection on the yz-plane: { 3y* , , Projection on the xz-plane:
4—+Z — 1=0

=0

)95 . . .

1:}:__*_22__1:0. Hint. The line of tangency of the surface with the cylin
der projecting this surface on some plane is a locus at which the tangent
plane to the given surface is perpendicular to the plane of the projection
1996. f(x+ A, y+ k)=ax®4 2bxy + cy*+ 2 (ax + by) h 4 2 (b + cy) k +-ah® 4
+ bhk + ck? 1997. [, P=1—(x+224+2(x+2) y—1)+3 (y—1)2.
1998. Af(x, y)=2h-+ k- h2+ 2k + hk. 1999. f(x, y, 2)=(x—1) 4 (y—1)? +

-’r}2—1)’+2(X—1)(£/—1)—(y—1)(2—1)- 2000. f(x+h, y+k 24 =
=[x, y, Z)+23l';(x Yy —a+ky ——216—42)64-z Le—x—pl+f(h kD).
2001, y+ay+>gt 2002, 1 EFL L EFIL I 0005 14 (g1 4

= DE =D 204 146 =1+ @+ 0]+ E=DLERDE,

[x—D+ @+ D] l+o__ o 1 1 .
+ — 3l . 2005. a) arc tanl—_—_B-\_ y +.2_ (a+ﬁ)—7f(a2_ﬁ’)'
b) ]/Q_—ﬂl_)'_"_—%-_(_lﬂ'% 1 +%(ma+nﬁ)+3l2 [(3m?* — 4m) a® — 2mnaf +
+ (3n2—4n) p*]. 2006. a) 1.0081; b) 0.902. Hint. Apply Taylor’s formula for

the functions: a) f(x, y)= Vix 13/y in the neighbourhood of the point (1,1);
b) [ (x, y)=y* in the neighbourhood of the point (2,1). 2007. z=1+42(x—1) —
—(y—1)—8(x—=1*+10(x—1) (y—1)—3 (y—1)*+... 2008. zp,,, =Owhen x =1,
y=0 2009. Noextremum. 2010." zp;n=—1whenx=1, y=0. 2011. 2;,,=108
when x =3, y=2.2012. zpyin=—8 when x=)2 y=— V2 and when x=

=—V?3 Y= V2. There is no extremum for x=y=0. 2013. zmax::-é——lgfb—?,—at
ab

the points x=—m y————b— and x =——t y——-—--—’i—- b Zmip = — ———
: V3 'TVs V3’ Vs TSV
a

a b
at the points x=——, y=———= and x=————, Yy=—=.2014. 2, =1
V-3 Y V3 V-3 V3 ‘max

when x=y=0. 2015. 24;,=0 when x=y=0; nonrigorous maximum

2= :—) at points of the circle x2+ y2=1. 2016. 2,x = V' 3 whenx =1,y =—1,
2017, Umin =—"7 when x=-—--§- , =——%—, z=1, 2018. uyi,=4 when
x=%. y=1, z=1. 2019. The equation defines two functions, of which one
has a maximum (2p,=8) when x=1, y=—2; the other has a minimum

(Zmin=— 2)whenx=1, y=—2, at points of the circle (x—1)2+4 (y + 2)*-: 25,
each of these functions has a boundary ext-emum (z=3). Hint. The func-
tions mentioned in the answer are explicitly defined by the equalities
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2=34 1/25—--(x—l)’—(y—}-2)2 and consequently exist only inside and on
the boundary of thecircle (x—1)24(y + 2,2 =25, at the points of which both
functions assume the value z=3. This value is the least for the first function
and is the greatest for the second. 2020. One of the functions defined by the

equation has a maximum (2jg,4-=—2) for x==—1, y=2, the other has a

minimum (zg;, = 1) for x=—1, y =2, both functions have a boundary extremum

at the points of the curve 4x*—4y*—12x+ 16y —33 =0. 2021. zma,(:% for

x=y=—%. 2022. z,=5 for x=1, y=2; zpju=—>5 for x=—1, y=—2
36 18 12 _2+Ve _n

2023. Zmin =3 for =1 Y=13 2024, 2y, = o) for x_§+kn,

=%I-t+kn, zm-m—--2 _2V2 for x=— + k=, y=5-8§+kn. 2025. Uy, =

=—9 for x=—1, y=2, z2=—2, umx=9 for x=1, y=—2, z=2
2026. upm,x =a for x=4%a, y=2=0; upp=c for x=y=0 2z=+c
2027. ”max=2'42'63 for x=2, y=4, 2=6. 2028. um“—_—zﬂ/z, at the pou]ts
4.4 Y, (4214, Z—-iiu =4 at the points (2
33 3) 3'3'3)' 3’ 3 3) mmT p ’
20 (21,2 (I, 20 2. 2030. a) Greatest value 2=3 for x=0, y=1;

b) smallest value 2=2 for x=1, y=0. 2031, a) Greatest value z= 3 2‘/3
2 ya 2 ‘/E
= —_ = - t | = — = f = il
x= 4 ]/3 .y } 3 smallest value z VE or x=+
Yy =— ]/—;— b) greatest value z=1 for x=41, y-=0; smallest value

3V3

for

2=—1 for x=0, y= 4 1. 2032, Greatest value z= for x=y=£— (in-

2 3
ternal maximum); smallest value 2=0 for x=y =0 (boundary mimmum),
2033. Greatest value z=13 for x=2, y =— 1 (boundary maxunum); smallest
value z:==—2 for x =y =1 (internal minimum) and for x=0, y=—1 (boun-

dary minimum). 2034. Cube. 2035. J|/2_V ,‘/E/ —21— i/éT/. 2036. lIsosceles

A/ = 4s— A4S~ 4 1 1
triangle. 2037. Cube. 2038. a = 1/11 . 1/a . 1/a . /a. 2039. M (——4-, T) .

. . 3 3 p __ Xy - maX, - X
2040. Sides of the triangle are 3-p, 5-p, and 5. 2041. T
- mll/|+m31/z+”ls.u! i i .i: 204 i i
y= T 2042. ; + 5 4 - 3. 2043. The dimensions of the

20 % 2%
V3l Vi VR

axes of the ellipsoid. 2044, x=y =28+ 3/5/, 2=

parallelepiped are where a, b, and ¢ are the semi-

x a
— . 2045. x= —
2 + V2
y-== -LQ- 2046. Major axis, 2a=6, minor axis, 26 =2. Hint. The square of
the distance of the point (x, y) of theellipse from its centre (coordinate origin)

1s equal to x*+ y*. The problem reduces to finding the extremum of the function
x24y? provided 5x%+4 8xy + 5y*=9. 2047. The radius of the base of the cylinder
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. R V 2 . 2 . .
is = 24 ——, the altitude R ]/2—-—__, where R is theradius of the
2 Vs V5

sphere. 2048. The channel must connect the point of the parabola (1?. —1—)
with the point of the straight line 1 —22; its length is Z-V2

l rosan sina__ v, f ; .
2049. Ti Y 2730. 2050. P, Hint. Obviously, the point M, at which

the ray passes frem one medium into the other, must lie between A, and B,;

M=-2_, BM=——, 6 A,M=atana, B,M=b tanp. The duration of motion
COs Q. cos B

. a
of the ray is m-{-m.

of the functien f (a, ﬁ):—v—‘chl—l- 5,005 B

The problem reduces to finding the minimum

provided that a tan a+b tanf=:c.

2051, a=f. 2052. l‘:l’:l'z_ﬁ':'l?— PR Hint. Find the minimum of the
1 2 3

function f(I,, I,, I})=13R,;+I;R,+ I3R, provided that [,41I,+1,=1.
2053. The isolated point (0, 0). 2054. Cusp of second kind (0, 0). 2055. Tac-
node (0, 0). 2056. 1solated point (0, 0). 2057. Node (0, 0). 2058. Cusp of first
kind (0, 0). 2059. Node (0, 0). 2060. Node (0, 0). 2061. Origin is isolated point
if a>b; it is a cusp of the first kind if a=b, and a node if a<b.
2062. If among the quantities @, b, and ¢, none are equal, then the curve
does not have any singular points. If a=b < ¢, then A (a, 0) 1s an isolated
point; if a<b=c, then B (b,0) 1s a node; ifa=b=c, then A (a,0) is a cusp
of the first kind. 2063. y= + x. 2064. y%==2px. 2065. y-=+ R. 2066. x'/s +

+ y'/==12/". 2067. xy=—12—S. 2068. A pair of conjugate equilateral hyperbolas,
whose equations, if the axes of symmetry of the ellipses are taken as the
coordinate axes, have the form xy= 4 % . 2069. a) The discriminant curve

y=0 is the locus ¢f points of inflection and of the envelope of the given
family; b) the discriminant curve y =0 is the locus of cusps and of the envelope
of the family;c) the discriminant curve y=-0 is the locus of cusps and is not an en-
velope; d) the discriminant curve decomposes into the straight lines: x=0 (locus
v? 2
of nodes) and x==a(envelope). 2070. y = ié-s_xz . 2071. 7 —;- 2072. V 94 4n2,
v
[}
2073. VT (e'—1). 2074. 42. 2075. 5. 2076, x,4+z. 2077. 11 -|-1“—9‘9

2079. a) Straight line; b) parabola; c) ellipse; d) hyperbola. 2080. 1) %a"

da’ ,da ., da° d _(da db de
9 o 9 e +a . 2081, Zi—t(abc)_(—d-tbc)-1—<aTi-tc>+(abm)
2082. 4t (t24-1). 2083. x =3 cos t; y=4sin ¢ (ellipse); for t =0, 9 =4j, w=—3i; fo
_— 9 . E11
t=%,v=—-3 ];2 i+2V72y W O ‘;2 i—2V2jfort=75,0=—31, w=

=—4j. 2084. x=2cost, y=2sint, z=3t (screw-line); v=—2isint 4

+ 2jcost--3k; v= V13 for any {; w=—2{cost—2jsint; w=2for any ¢

for t=0, ©=2j+3k w=—2 for ::%, v=—2i13%k w=—2
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2085. x=C0s a c0os ®f; y=sin a coswt; z=sin w¢ (circle); 9 =— o cos a sin ©f —
-—@f sin a sin of +- ok cos of; v=|0|; w=— w* cos a cos wf —w?jsin a cos vf —

— o'k sinof; w=0? 2086. v=V vy +v; +(v, —g!), Wy=w,=0; w,=—g;

w=g. 2088. ®Va®+ h: where m—d—e is the angular speed of rotatien of the

di
Ve

screw. 2089, Va’u)’+u’—2amv°sinmt 2090. t~——-(i+k), v=—19; B=

V

2 (i—k). 2091. v=——|(cost—sin£)i + (sint 4 cost)j + &]; v=
lf ‘
..—-——E- [(sin £ 4 cos t) I+ (sin t —cos t) j}; cos (T, z)—i— H cos (v, z)=0.
i+4ji—2k. v=—4i+5j 8k . p=—2 2093. : -
RZ1 V105 V5 —asint
e e e
x—acost y—asint 2—bt
cost  smt O

2002. T— —-2t+k x—acost

(principal normal). The direction cosines of

asint acost b

; COSP = ——x; COSYy = = .
Vaz p ‘/' -i-b' Y Var bt

The direction cosines of the pnnclpal normal are cosa,=cos¢; cosf, = sin#;
cosy, =0. 2094, 2x—z=0 (normal plane); y—l =0 (osculating plane),

the tangent are cosa =-—

x+422—5=0 (rectifying plane). 2095. x-—l2 =y—4— ___21—28 (tangent); x4+
+ 4y 4 12z2— 114 =0 (normal plane); 12x—6y+2z—8 = 0 (osculating plane).
x_g y__ia s tz « tl 9 ts 2 t.".
4 3 2 —4 777F 3 .
2096. T I S (tangent); FIor = T—F — —9r—1 (prin-
t-l tl 2
X——e Y—= 22—

. R A . . 11 1y,
cipal normal); =~ & (binormal); M, (T' 3 2) H
M, (4, —%, 2). 2097. “_12 =yif ="22 (tangent); x-+y=0 (osculat-
. L x—2_ y+2  2—2 . L ox—2_y+2_ 2—2
ing plane); =T =1 (principal normal); ST T =0

1 1 3 V739
binormal); cos @y=-—=; c08P,=—=, COsy,=0. 2098. a ==
( :)2 2 V-2 B: V-2 Y2 ) 0
z————R _ x—1 y—1_ 22
_V.__ (tangent); x ¥ 2 —z= 0 (normal plane); b) T =T=7

x—2 y—2V3_ 23
2y3 1 —2V3
(tangent); 2 V3 x+y—2 V3az=0 (normal plane); 2099. x +y = 0. 2100. x —

" —y—zV9=0. 2101. 2) 4x—y—2—9=0; b) 9x—by+22—18=0;

¢) bxlx—alyly + (a*—b%) 75z = a®h* (a*—b*). 2102. 6x—8y—2z43=0 (osculat-

ing plane); {3—1;1=.{/_2_—(;_1 2_2; (principal normal); J-‘i%l=q—_§l—= ZTI

(tangent); x+y+42—10=0 (normal plane); c)
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(binormal). 2103. bx—z =0 (osculating plane); :g } (principal normal);
x+bz2=0, } . i bk —bi+k
binormal); <t = = — v=j. 2106. 2x
y=0 [ ) Vife' P B= V1+o s +
3 -t et
+ 3y +192—27 =0, 2107. a) V% b) -‘C—. 2108. a) K =2 3V2 T= ?‘
1 _ o lyt+a?, o (2t
av
2111. m. 2112, When t=0. K=2 w, —0
s _ 1 19 _ 2 1/
w, =2; when t=1, K== - T %= w, =2
Chapter VII
2113. 42 . 2114, In 2 on1s. X 2116, 2. 2117, 50.4. 2118. 72X 2119 2.4,
T T 24 12 " T
14

2
2120. 2121, x="i4-—l; x=2—y; y=—6; y=2. 2122, y=x% y=x+9;

'E-
x=1; x=3. 2123, y=x y=10—x; y=0;, y=4. 2124, y=—fc—; y=2x;

x=1; x=3, 2125, y=0; y=V 25—x% x=0; x=3. 2126, y=2x% y=x+2

x=—1 x=2. 2127. deff(x, y)dx=deSf(x, y) dy.

2128. deSf(x y)dx—deSf(x, y)dy. 2129. §dy Sf(x, y)dx =

2x+3

dx f(x y)dy—}-de S f(x, y)dy. 2130. de Sf(x y)dy =

4
Jo
2

[
o,

I

"L’jul§ 91,‘_

f(x, 9) dx+§dy§f(x. y) dx+§dy 3‘ f(x, y)dx.
4 1 ]

y—3
1 [ Vi Vi—p : ° Vi=x2
291, fay § 1o g axt j % S to pav= §ax | fepanr
0 -y ~Vi—p2 -1 -x
1 Vio g 1 3 2 g
+de S fx, y)dy. 2132, S dx Sf(x, Y) dy-_—.—de S fx, y)dx.
[ x -1 2x2 0

nltl
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-1 Va2 1 ~Vi—-x2 1 Vio @
u. (o | fen y)dy+de { et [ar § repags
~2_ Vi< x2 ~Va<x -1 Vi—w
2 Vi xt -1 Vi—2 Vi -
o | re y)dy=de S x, y)dx+de { et
Ve S Vi S Vi
Ve -3 Va—y?
+S o | re y)dx+§dy { rwpa
Vl 7 -Ve=g2
—2 Vo —x2 Vit
2134, S e | fe y)dy+§ O R T PR
__Viexe -2 -1V +x2
Vi -x2 -1 -V <1
+de S fx, y)dy= S dy S f(x, y)dx+4-
—Ve - —Vy =3
o Vi V,-uz ! vy ovEs
de { rew dx+S dy F(x, g de+ de | repags
ViV - O—J’ —V’-_J:
VT Vo—u’ 1—x

+ de S f(x, y)dx. 2135. a) sdx S f(x, v) dy= de S f(x, y) dx=
1 Vi <1

Va? - 52 Var -2 1 Vx - x?
b) S dx S‘ f(x, y) dy= S dy S f(x.y)dr;c) de 5 f(x, y)dy =
Vo -x Vo= p 0 _Vx-x2

1+ V1 -aip
1/, 2 1

= S dy 3 f(x, y)dx; d) S dng(x, Y) dy=31 dyf f(x, y)dx;

=2 1-Vi ap -1

e>§ayyﬁmfu, y)dx=§dx§f(x J)dJ+deSf(x Jm+deS fx, 5)dy-
0 y 0 ) 2a x— 20

v
) 2

2136. de S f(x, y)dx. 2137, S

lI
12

f(x .I)dx"rSdJS f (x, y) dx,
v

._l </ju|':

2 Vai -2 a Vai - y?

2138.de S i(x,y)dx+5;dy :5 f (%, y)dx.

° Vat=aay

—
]
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(binormal). 2103. bx—z==0 (osculating plane); ;‘fg' (principal normal);

x4+ bz2=0, . . _i4bk o —bi+kR
y=0 }(bmormal), t_Vl—FF' == Viis s v=Jj. 2106. 2x 4
- Vé et V2 o=t
+ 3y +192—27=0. 2107. a) V'Z; b) 208 8) K=—7—; T= —3-1
T 1 __(y+a)? _ (p*+ 2x%?
b)K—T—PaTsh—.T. 2109. a) R—Q———a——, b)R— —'_“sp‘x.
av
2111, m 2112, When t=0, K= w, —-0

w, =2; when t=1, K=—l- :—Z. w,=—l_-Z w, =2 1/
Chapter VII

2 25 9
2113. 4-5-. 2114, lnﬂ- 2118. 12 2116. T 2117. 50.4. 2118. —-2— 2119. 2.4,

2
2120, %. 2121. x—.=~"T—-1; Xx=2—y; y=—06; y=2. 2122, y—=x% y—x49;

x=1; x=3. 21238, y=x y=10—x y=0; y=4. 2124 y=-“i; y=2x;
x=1; x=3, 2125, y=0; y=V 25—x% x=0; x=3. 2126, y=x% y=x+2;
1

2 2
x=—1; x=2. 2127. §dy§f(x y) dx § Sf(x. y) dy.

2128. deg‘f(x y)dx—§dx§f(x, y)dy. 2129, de S f(x, Y)dx=
0 y - [ ° 0 0
 § 2—Xx 2 2X+3

‘Slldxg'f(x, y)dy—{-de S f(x, y)ady. 2130. de S f(x, y)dy=
[ 0 1 (] 1 2X

4
Jo
2

I

I

e LI

f(x 9 dx+§dy§f(x. Y dx+§dy S f (%, y)dx.
4 1 5 y—3

1 ) V‘T Vica ° Vica
oot (ay (rowpat o | 1 pa= (o g F(x, ) dy+
0 -y 1 ~Vai-p -1

Y
1 Va-a 1 2 2

+de S f(x, y)dy. 2132, de Sf(x, Y) dyzgdy S xf(x, y) dx.
0 x -1 2 0 v

-1y L
2
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-1 Va=x2 ~-Vi—x 1 Va-»
2133. deg f(x, y)dy+§dx S f(x,9) dy+de S Fx, g)dy+-
-2 _Vi- s -1 Vi< a2 Vi-e
V&-x’ -1 Va—yi _w__yi
+de S f(x, y)dy=de S f(x, y)dx+de S f(x, p)dx -
—Vai—x -2 _Vi-p -1 _Vi=4
1 Va—u? Vi—y*
+de [ e y)dx+de | tena
V' -y -Va=42
—2 Ve -2 Vit xa
2134. S dx S f(x, y)dy+S dx S flx, v) dy4-
_=Vi=a -2 -Vitad
G—X’ —1 —Vj’-‘l
+de S flx, y)dy= S dy S f(x, y) dx+-
-V - _V— -Vs -1
V;_—,,a v,_,,z Vv —V@Eo
de § 1w dx+§ w | teoatfa | teoa
-Vs V_/’ -1 —Vo —y? —V’-—JI
Vs Ve-p2 1 1—x

+ de S f(x, y)dx. 2135. a) S‘dx S f(x, ) dy= deSf(x. y) dx=
) Vit 1

a Vaa-x a Var -y Vx -~ x?
w (el twnw={a [ jepwo de { ey =
—a_Vg- gt —a _Va_, —Vi-x
1+ V1 -a?

s 2 1

=fa | rupamo | axjm, 9 dy=§i dyS” Fe, g)dss
X -1 -1

=Ya 1-Vi ap -1

e)de S f(x, y)dx=§dx

[] Y

)
<
+
»
&
Q

Cl—ox

s, y)dy+deSf(x J)dJ+S4xS v, v)dp

2a x—2a
v v

2136. de S f(x, y)dx. 2137. des.f(x.y)dx—i-Sd_/Sf(x,_/)dx.

12 l l

Var -2 a Ya-p

dy S fx y) dx+S dy S f (%, y)dx.
a

[]

2138.

L T FY

Vai —aay A
2
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aVs
2 a

2139. S dySf(x, y) dx+ S dy S f(x, y)dx.

0 aVs a- Vai =2

a a-Vai—gp a 2a eV 2

2140. de S flx, ) dx+de S f(x, y)dxe+ S dySf (x, y)dx.
0 é%’ ° a+Vai-pp ° {i:a
0 VxTx’ 1—-x —;_ Vex

2141, S dx S f(x, v) dy-{-deS f(x, y)dy. 2142, de S fx, y)dy+
-1 0

RV s

Vs Vi—xa VRI—y

Vs
+ deSf(x y)dy—{-S dx S f(x, y)dy. 2143. 3‘ dy S f(x, y) dx.

0
Tz
1 m—arc siny

1 1 T T
2144, de S f (x, y)dx. 2145. 5 2146. 5 2147 5 a 2148. T
[ arc siny
1 4 15— 16 2
2149, 6. 2150. R 2151, In2 2152, a) 35 b) 5o ) 2—5- .
s Vi—(x—2p
2153. §—K—2- pS. 2154, de S‘ xydy=§. 2155. %a V 2.
1 bY
. 2R y=f(x)
2156. —JT.R’ Hint. SSdedy_ de S y dy=
S) 0
R (1~cost)

=S R (1—cost) dt s ydy, where the last integral is obtained from
[

the preceding one by the substitution x=R (¢—sin¢). 2157, §0 2158. é

1

‘jss\(p (r cos @, r sin ¢) dr-
()

R?
2159. - a4+ 5 - 2160,

°¢-/§-|=|

2
cos @

+ do rf(r?) dr.

S

sn @
do S rf (r cos @, rsin ) dr. 2161.
[

ey

.{:l/jula
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LE 1 n sin @
4 sin ¢ ry ces? ¢
2162. S deg S rf (r cos @, rsin@)dr. 2163. Sf(tan Q) do S rdr+-
kL [ [} []
ry
am 1 Sing_
cos’(p
+Sf(tancp)dq> S rdr+Sf(tanq>)d(p S rdr,
ry 7:_
n
@ aVecos 29 s a Vcos 2
2164. S de S rf (r cos ¢, rsin @) dr+S dcpS rf(r cos @, rsin@)dr.
- E1 [} an )
ry Y
n
* acos@ . 3
2 o ¢ 9 b na’
2165. ‘S‘ de r smqadr__]2 2166. 5 nat. 2167. 3
0 0
2 n\ , a® n 16V 2—20\a
2168. (§+—2—)a 2169. T. 2170. (g————g————)‘f.
2171. %n ab. Hint. The Jacobian is I=abr. The limits of integration are
B =
_{: —_
0<<o<<2m 0<<r<<l. 2172. ‘S S f(u—uv, uv)udu. Solution. We
G.
ita

have x=u(l—v) and y=-uv; the Jacobian is I=u. We define the
limits u as functions of v: when x=0, u(l—v)=0, whence u=0

(since 1—uv # 0); when x=c, u=1—_—c_—l-). Limits of variation of wv: since
y =ax, it follows that uv=au(1—v), whence v-m for y=Pfx we find
1 u
- P _ 1 S S‘ (u+v u—v
v-—l_i_ﬁ. 2173. I-—2 3 dv 4
0 —-u
2 2—-U + 1 0 2+v +
ut+v u—v ? u-v u—v
P e BLIG S
1 u-—-2 -1 -0
1 2-~0
+S dv S f(u_;—_g’ u—;))du]. Hint. After change of variables, the equa-
v
tions of the sldes of the square will be u=v; u+v=2; u—v=2; u=—0v.

2174. [( )arc tan 2 o +H—]' Solution. The equation of the curve
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r‘==r’(——cos’q>——sin' (p). whence the lower limit for r will be 0 and

2

8
#he upper limit, r= %cos‘cp——-sm’q> . Since r must be real, it

2
follows that Fcos’q) Z, sin® 9 =0; whence for the first quadrantal angle
we have tanq><bh Due to symmetry of the region of integration relative

1 Lo .
€0 the axes, we can compute T of the entire integral, confining ourselves
ak " a b3
arc tan I 1/ W cos? ¢ — w sin?@

fo the first quadrant: SS dxdy=4 S do S abr dr.

(S) 0 0
v Vy aVa? = x?

1 Vy 2
1 na® at
2178. a) 47; de S dx—}-de de; b) 79 deg dy.
0 —V_y- 1 y—2 0 a‘—x

2
2176. a) -g-; b) (2+—2i>a’. 2177. ;’—‘2’6. 2178. 1-39a= 2179. n Hint.

—l<x<l. 2180 ‘39;/1“5. 2181. 3(%+—;) 2182. ‘%1—1/3‘.

2183. %na’. 2184, 6. 2185. 10m. Hint. Change the variables x—2y=u,

Sx+4y—v. 2186, -;—(b-a) (B—a). 2187. %(ﬂ——u) ln% .

1
na? 3 1
2188. v=\dy\(1 —x)dx= \dx \(1—x)dy. 2193. - 2194, — . 2195. 5
0 Y 0 0
a e 8YVE 88 abe
2196. 5 2197.-471-. 2198. 5 . 2199, 105 2200. 18 2201, S

2202. na’ (@—p). 2203 %na’(2 V2—1). 2204 Ena’(]ff—l),

Q
2205. %’. 2208. %nabc. 202 T2 (6 V3—5). 220, %Qaa.

2209. na(1—e~RY. 2210. 5”%‘” 2211, 3—l/-§3L2 2212. V2(2 V3 —1).

Hint. Change the variables xy=u, !x—==v. 2213. %V-a’b’—kb'c’-{»c’a’

2214. 4 (m—n) R*. 2215. ‘/22 a'. Hint. Integrate in the yz-plane. 2218. 4qa2.

2217. Oa'lrcsln%.22|8.-3l (3 Y 3 —1). 2219. 8a*. 2220. 3nat. Hint.

.=
Pass to polar coordinates. 2221. o=%na2 [( I+lz—,) - ] Hint. Pass to
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polar coordinates. 2222. %sa' and 8a®. Hint. Pass fo polar coordinates.

a a a

) 2
Ve ady a
2223, 8a?arc tan g Hint. o_S de 7—-—-————- 8a§arc sin2 Va’_-—7dx'
[}

Integrate by parts, and then change the variable x=Z 3 sin ¢; transform

2
b2 o2
the answer. 2224 - (b Vbt+ci—aVar+ct4ctln ﬂﬁ_—t}_) . Hint.
4 - Va+e .
. 2ndR a’h a b’ 12—n
Pass to polar coordmatess2225. 3 2228. T 57 . 2227, x—3(4__g) H
— T - L= -~ 21 sina - -y
y—6(4_n). 2228. X=50 y=0. 2229, x= o y=0. 2230. x 5
y=0. 2231. [Iy=4 2232. a) I, ==-—(D‘ d%); b) Ix=§4—(D‘——d‘).
9 8 a Vax
22383. I=53 at. 2234. ~5—a‘. Hint. I=S dx S (y +a)* dy.
o ~Vax

2235. 16ln2—9 g- . Hint. The distance of the poinf (x, y) from the straight line

x=y is equal to d=% and is found by means of the normal equation
of the straight line. 2236. 1=4—10 ka*[7V 243 In(V 2 +1)], where k is the
proportionality factor. Hint. Placing the coordinate origin at the vertex, the
distance from which is proportional to the density of the lamina, we dircct

the coordinate axes along the sides of the square. The moment of inertia is
determined relative to the x-axis Passing to polar coordinates, we have
n

T aseco T acosec @

35
= S do S kr (r sin )2 rdr —I—S do § kr (7 sing)*r dr 2237. l°=T(5 nat.
0 [} il_
4

2238. I°=nTa‘- 2239. -?gna‘. Hint. For the variables of integration take ¢ and
1 1-X 1—-x-y
y (see Problem 2156). 2240. S‘dx S‘ dy 5 f(x, y, 2)dz
R VE=H H
2241. S dx S dy‘S‘f(x, y, 1)da.
-R _YRi—»¥

Va3 ¢

2242, f dx S dy S f(x y, 5)ds.
-a

b X 3
-2ya=n cV%-,+§
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1 Vi-x Vi—xa—p
2243. de S dy S f(x, y, 2)dz.
-1 ~Vi-x o
8 - - mVe it 1
2244, = (31412 V2—-271V'3). 245. 3 2246 ——. 247 oo
1 5 nas — 97 59 nabc?
2248. 5 ln2—T§ . 2299, 'y (18 V3 —E) . 2250. IBT)“R . 2251. et
4 nh*R s 8 n 3 a( _4
2252. -gﬂabc. 2253. yeut 2254. mR3, 2255. 9 at. 2256, 3 r’ln 3> .
4 1] n 3_2 2 E_ 3 1 .
2257. fSnR . 2258. T 2259. 3 ath.  2260. y nad, Selution. v=
X342 n r2
2a Vaax— x 2a 2 2acos@ 2a
=2S dx S dy S dz=2qu) S rdr Sdh:
9 [ 0 0 0 0
n K2
2 2aC0S @ 2 —
rdr 1 ((2acosg) , 3 ona® V' 2
=2 Sdcps %= S — —de=gma’ 226l. ——=— . Hint. Pass
1] 1] ]

to spherical coordinates. 2262. l—?n. Hint. Pass to cylindrical coordinates.

6
2263. %‘(331—4). 2264. mabc. 2265. %bc (a+b+4c). 2266. g—:(ﬁc’—-a'—bz).
2267. x =0; y =0, z= —;— a. Hint. Introduce spherical coordinates.
4 nath

2268. 7_—.3, Y =0, z=0. 2269. 1—2(3a’+4h’). Hint. For the axis of

the cylinder we tgke the z-axis, for the plane of the base of the cylinder,
the xy-plane The moment of inertia is computed about the x-axis. After
passing to cylindrical coordinates, the square of the distance of an element

2
rdpdrdz from the x-axis is equal to rZsin?@-22 2270, ngﬁl:)a (2h% - 3a?).
Hint. The base of the cone is taken for the xy-plane, the axis of the cone,
for the z-axis. The moment of inertia is computed about the x-axis. Passing
to cylindrical coordinates, we have for points of the surface of the cone:

r=-:—(h—z); and the square of the distance of the element r dpdrdz from

the x-axis is equal to r?sin®g-22. 2271. 2mkoh (1—cosa), where & is the
proportionality factor and @ is the density. Solution. The vertex of the cone
is taken for the coordinate origin and its axis is the z-axis. If we introduce
spherical coordinates, the equation of the lateral surface of the cone will be

¢=g——a, and the equation of the plane of the base will be r=

From the symmetry it follows that the resulting stress is directed along the
z-axis. The mass of an element of volume dm=gqr?cos{dgdpdr, where
is the density. The component of attraction, along the z-axis, by this element

of unit mass lying at the point 0 is equal to krfm sin{ = kg sin P cos P dp do dr.
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a

Pt I h cosec ¢
The resulting attraction is equal to S do S dy S ko sin y cos P dr.
() 0 (]

2272. Solution. We introduce cylindrical coordinates (o, @, 2) with origin
at the centre of the sphere and with the z-axis passing through a material
point whose mass we assume equal to m. We denote by E the distance of
this point from the centre of the sphere. Let r= ) g*+ (E—2)* be the dis-
tance from the element of volume dv to the mass m. The attractive force of
the element of volume dv of the sphere and the material point m is directed

along r and is numerically equal to —kym@ where y= is the

r?’

4 3
'é-ﬂR

density of the sphere and dv=g@dgpdgdz is the element of volume. The pro-
jection of this force on the z-axis is

kmyd —
dF =— m:(s vcos (r/;) =._kmy§—rTszcpdg dz.
Whence
2%t R VR: =72t P 4 |
F=—kmyqu> S (E—2)dz S —;,—9=ka§ nR’E-z— .
0 -R o

® -
4 kM
But since 3 ynR’==M, it followsthatF=——§,—m. 2273. —Syze"‘}" dy—e™*,
X

1
p—a

1 . ) p
2275. a); (p>0); b) for p>a; ¢) [—’%B-z(p>0), d)m (p>0)

®

1
2276. __l . 2277. 2 . Hint. Differentiate Se"l" dt ==— twice. 2278. In E—
n? P p a

°©

2279, arc tan—’%—arctan-,%. 2280. —2“—1n(1+a). 2081, nu (Y T—ai—1).

2282, arc cot — . 2283. 1.  2284. -é- 2285, %. 2286. -— . Hint. Pass to

) _ 4a®’

. V:rt n?

polar coordinates. 2287. -5 2288. T

from S the coordinate origin together with its e-neighbourhood, that is,

consider I, = SS InV x2+y*dxdy, where the eliminated region is a circle of
(S)

radius e with centre at the origin. Passing to polar coordinates, we have

2N 1 2N 2 1 1 2 2 1
r 1 el e
I.=qu) Sr Inr dr=S [—2— Inr . T3 Srdr] dp=2n (—4——5- In G—T) .
] e [] e
Whence lim I.=—%. 2290. Converges for o > 1. 2291. Converges. Hint. Sur-
e—>0
dx dy

V (x—gp

. 2289. Converges. Solution. Eliminate

round the straight line y=x with a narrow strip and put S‘s
)
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1 xX-8 1 1
=lim j‘dx “ 9 4 lim de S 9 2292. Converges for
° 0 x+0

e~o Vik—yr 80 V =y
3 V5+3 ab (a4 ab + b?) 256 ,
a> '5 . 2293. 0. 2294, ln D) . 2295. '—T(—&Tb—)—— . 2296. Ts—a .
. 3 SVitm _ 1 _
2297. %[u+4n=)'_1] . 2208, 5 . 2200. a*V 2. 2300. 77 (56 V7~
2 2 —
—1). 2301. ——MJ{, arc tang—g-l-’. 2302. 2na®. 2303. ;—3(10 Y10—1). Hint.

Sf(x. y)ds may be interpreted geometrically as the area of a cylindrical sur-

Cc
face with generatrix parallel to the z-axis, with base, the contour of integra
tion, and with altitudes equal to the values of the integrand. Therefore,

S = S xds, where C is the arc OA of the parabola y=%x’ that connects the
C

2 T p2
points (0, 0) and (4,6). 2304. a V3. 2305. 2<b’+ &0 arcsin V“a b ) ,

Va’—b’
2 2 252
2306. V @15 (n V@i +5;1n 2nb +——————";W’>. 2307. (%ag a).
—_— kMmb 19
2308. 2na? 2 2 —_—————— - 2311. —2ma®.
Vato 1 209, Yy 810 03
2312. a) %; b) 0; ¢) 32; d) —4;e) 4. 2313. Inall cases 4. 2314. —2n. Hint.
Use the parametric equations of a circle. 2315. -;—abz. 2316. —2sin 2.

X3
2317. 0.2318. a)8 b)12 ¢ 2 d _g.; e) In(x+y); ) S(p(x)dx—}-

. x
Ya

+{vedy. 219 )62 b) Lo L+inz &) 14V 72 2820 VT

L2}
-~V 1402 2322, a) x*4-3xy—2y24C; b) x*—xty+xy*—y*+C;
¢) & Y (x+4)+C; d) In|x+y|+C. 2323. —2na(a+b). 2324. —nR2cos’a
2325. _(‘3__}_2%_2 R®. 2326. a) —20; b) abc—1; ¢)5 V' 2; d) 0. 2327. [=
4 nR4 1

=SS yrdxdy, 2328. —=. 2320 ——. 2330. —o. 2331 0. 2332 a) O;

S)

b) (‘Znn. Hint In Case (b), Green’s formula is used in the region between the
contour C and a circle of sufficiently small radius with centre at the coor-
dinate origin 2333. Solution. 1§ we consider that the direction of the tangent
coincides with that of positive circulation of the contour, then cos (X, n)=

— _dy L -
=cos (Y, ”"‘ﬁ’ hence, gcos(x. n) ds_(f a—sds—éﬁdy—o 2334. 2S, where
S is the area bounded by the contour C. 2335. —4. Hint. Green’s formula is

not applicable. 2336. mab., 2337. —g—na'. 2338, 6mat. 2339, -%—a’. Hint, Put
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y=1x, where ¢ is a parameter, 2340. %-;. 2341, n(R4-r) (R4 2r); 6nR? for
R=r Hint. The equation of an epicycloid is of the form x=(R+r)cost—
-—-rcosR—;}'—rt. y=(R+r)ysint—r sinRj-rt, where ¢ is the angle of turn of
the radius of a stationary circle drawn to the point of tangency.
2342. t (R—r) (R—2r), —g—nR’ for r=—§- Hint. The equation of the hypo-

cycloid is obtained from the equation of the corresponding epicycloid (see
Problem 2341) by replacing r by —r 2343. FR. 2344, mg (2,—2,).

2345. —2—(a’—b’). where k& is a proportionality factor, 2346. a) Potential,

U=mgz, work, mg(z;,—2,); b otential, U=£, work, -—————l___i—__——_

8. g:zzl 2) ) P 1 ) - Va’+b’+c"
c) potential, U=—?(x’+y’+z’), work, kT(R’—-r’). 2347. %M‘.

2 Pt .
2348, %J“—b 2349. 0. 2350, %-nabc. 2051, o 2362, %.
25 ¥V 5+1 iV 2
2353, —~ 2T 5 2354, hs. 2355, a) 0; b) —SS (cos @ 4 cos B 4
_ p)

1006 ¥5—1) (S) R 9
+cosy)dS. 2356. 0. 2357. 4m. 2358, —na’, 2859. —a'. 2360. oo 03.
oP_OR 9Q _oP
%= 5 =5y 261 0. 2862 ?(S(x+y+z)dxdydz.

dx dy dz e /o a*u 92U
2363. 2Sg‘s‘m . 2361 5 S(ax’ ’ +az= )dXdde.
3
2365. 3¢  2366. % . 2367. 15?na. 2368. ’-‘“—2?- 2371. Spheres; cylinders.

2372. Cones. 2373. Circles, x*+ y*=c}, z=c,. 2376. grad U (A) =9 —3j—3&;
lgradU(A) =V 99=3 V1I; 2?=xy; x=y=2. 2371. a) —:—; b) 2r. c)—;'-;— :

d) [ (r)% 2378. grad (cr)=c; the level surfaces are planes perpendicular to

)
the vector ¢. 2379. S—U=‘lrg, u =|grad U | when a=b=c¢c, 2380. g—l-u—-
1
=-°°¥,". %1_11_0 for { | r. 2382, 3. 2383, dlva=—f(r)+f (r).
2385. a) divr=3, rotr=0; b) div (rc)=7, rot (rc)——,c) div(f(ne)=

f(r)(c, r), rot(f(ne)= r ()cxr 2386. divo==0; roto=2®, where

o =owk 2387. 2mn where n° is a umt vector parallel to the axis of rotation.

o-U a U 2
2388. div grad U.._a 3 +<)y 3 rot grad U=0. 2391. 3nR*H.
2302, a) - nRH (3R*+2H?); b) 3 WREH (R*+-2H?). 2393. div F=0 at all

10
points except the origin. The flux is equal to —4nm. Hint, When calculating
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—nR*

the flux, use the Ostrogradsky-Gauss theorem. 2394. 2n%h%, 2395. 3

r
2396. U=Sri(r)dr. 2397.%. 2398. a) No polential; b) U=xyz+C;

r,
c) U=uxy +uxz +yz+C. 2400. Yes.

Chapter vill

1 1 1 n42 2n
01 . 2402, 5. 2403, . 2404, 5. 2405, Ty 249 3.

1 1.3.5. ..(2n—l) 1\l (—t+1
2407. PTENE 2408. T47...Gn=9)" 2409. (—1)*+'.  2410. n .

2416. Diverges. 2417. Converges. 2418. Diverges. 2419. Diverges. 2420. Diverges.
2421. Diverges. 2422. Diverges. 2423. Diverges. 2424. Diverges. 2425. Con-
verges. 2426, Converges. 2427, Converges. 2428. Converges. 2429. Converges.
2430. Converges. 2431. Converges. 2432. Converges. 2433. Converges. 2434. Di-
verges. 2435. Diverges. 2436. Converges. 2437. Diverges. 2438. Converges.
2439. Converges. 2440. Converges. 2441. Diverges. 2442. Converges. 2443. Con-
verges. 2444. Converges. 2445. Converges. 2446. Converges. 2447. Converges.
2448. Converges. 2449. Converges. 2450. Diverges. 2451. Converges. 2452. Di-
verges. 2453. Converges. 2454. Diverges. 2455. Diverges. 2456. Converges.
2457. Diverges. 2458. Converges. 2459. Diverges. 2460. Converges. 2461. Di-
verges. 2462. Converges. 2463. Diverges. 2464. Converges. 2465. Converges.

2466. Converges. 2467. Diverges. 2468. Diverges. Hint. "+'>1 2470. Con-

verges conditionally. 2471. Converges conditionally. 2472, Converges absolute-
ly 2473. Diverges. 2474. Converges conditionally. 2475. Converges absolutely.
2476. Converges conditionally. 2477. Converges absolutely. 2478. Converges
absolutely. 2479. Diverges. 2480. Converges absolutely. 2481. Converges con-
ditionally. 2482. Converges absolutely. 2484. a) Diverges; b) converges abso-
lutely; c) diverges; d) converges conditionally. Hint. In examples (a) and (d)

consider the senesz (23%_,+a,,) and in examples (b) and (c) investigate
k=1

® @
separately the series ) ay,_; and ) a,,. 2485. Diverges. 2486. Converges

k=1 k=1
absolutely. 2487. Converges absolutely. 2488. Converges conditionally. 2489.
Diverges. 2490. Converges absolutely. 2491. Converges absolutely. 2492. Con-

1
verges absolutely. 2493. Yes. 2494. No. 2495. Z+—(——)—, converges. 2496.

1
Zm' converges. 2497, Diverges. 2499 Converges. 2500. Converges.

1
an —
2501. |R,| < 20, IR,|<720,R4<0 Ry>0.2502. R, <2n+l T @n ¥l

Hint. The remainder of the series may be evaluated by means of the sum of
1
2arit

+(%)z(n+ 1)1(fz+2)+"‘] = H” ' 'ﬁ”ﬁ(%): ' (71711~T)’+ ] '

a geometric progression exceeding this remainder: R,=a,
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n+2 . - 1 i .
2503. R, < GFDGEDT R, < 3-107%. 2504. o <R,< - Solution,
R

=1 1 ! !
" (n+l)'+(n+2)’+"'>(n+1)(n+2)+(n+2)(n+3)+"'=

(L 1 1 1 1 1

(n+1l n+2)+(n+2 n+3)+“"‘n+1'R"<n(n+1)+
+m+...=7. 2505. For the given series it is easy to find the
exact value of the remainder:

1 16\ [ 1\"?
Ra=g5(n+) (7)
2n

. 1 1 \27+2
Solution. R,=(n+1){ & +(n+2)(;) +..
We multiply by (—1—)::

© K Ra=(n+1) (})’”“+(n+2)(})"“+-..

Whence we obtain
15 1 2n 1 2n l n42 1 Mm+3
wre=n(5) () H(x) H(3) s
(l)!n
1\ \4 16\ [ 1\*"
=(7) +T‘T=("+Ts) (+)"
16

From this we find the above value of R,. Putting n=0, we find the sum of

2
the series s_—(%) 2506, 99; 999. 2507. 2; 3; 5. 2508. S=1. Hint.
Lo

a,,:—-—'?—m 2509. S:==1 when x>0, S=—1 when x<0; S=0 when
x=:0. 2610, Converges absolutely for x > 1, diverges for x< 1. 2511. Converges
absolutely for x> 1, converges conditionally for 0 <x<1, diverges for
x<<0. 2512. Converges absolutely for x>e, converges conditionally for
1 <x<e, diverges for x=<cl. 2513, —o <x< . 2514 —oo <x< oo.
2515. Converges absolutely for x > 0, diverges for x << 0. Solution. D la,l<<

—

1 . .
<Eﬁ;; and when x> 0 the series with general term E,,—xconverges; 2)??2:1

for x<<0, and cos nx does not tend to zero as n — oo, since from cos nx -+ 0
it would follow that cos 2nx -»—1; thus, the necessary condition for conver-
gence is violated when x<C0. 2516. Converges absolutely when 2kn < x <
<(2k+Dn(k=0, +1, +£2, ...); at the remaining points it diverges. 2517.
Diverges everywhere. 2518. Converges absolutely for x # 0. 2519. x > 1, x<—1.
2520. x >3, x<1. 2521. x=1, x<<—1. 2522. x>5%, x<4%. 2523.
x>1, x< —1. 2524, —1 <x<———;—, —é—<x< 1. Hint. For these values

@® @

1

of x, both the series Zx" and the series 22—!‘;‘7 converge. When |x|=1
k=1 k=1
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1
and when |x|<<o, the general term of the series does not tend to zero

2525, —1<x<0, O<x<l. 2526, —l<x<lIl. 2527, —2<x<2.

2528. —1<x<]1 2529.———1—2<x<—1_. 2530. — | <x<1. 2531. —1<x<1

V2
2532. —l<x<1. 2533, —oo <x<oo. 2534, x=0. 2535. —0 < x < oo.

2536. —4 < x < 4. 2537. ——:]; <x<%. 2538, —2 < x < 2. 2539. —e < x <e.

2540. —3<<x<3. 2541. —1<x<1 2542. —1 <x<1 Solution. The diver-
gence of the series for | x|[=>=1 is obvious (it is interesting, however, to note
that the divergence of the series at the end-points of the interval of conver-
gence x=+ 1 is detected not only with the aid of the necessary condition
of convergence, but also by means of the d’Alembert test). When|x| < 1 we
have

im [ DL
N> n x™

= lim [(a4+ D" <lim(n41)]x"=1m PEl_o
n->wo n- o n-w

l n
|3

(this equality is readily obtained by means of I'Hospital’s rule).

2543. —1<<x<<! Hint. Using the d’Alembert test, it is possible not only
to find the interval of convergence, but also to investigate the convergence
of the given scries at the extremities of the interval of convergence. 2544.
—1<<x<< 1. Hint. Using the Cauchy test, it is possible not only to find the
interval of convergence, but also to investigate the convergence of the given
series at the extremities of the interval of convergence. 2345. 2 < x<C8.
2546. —2<<x < 8. 2547. —2<x<4. 2548, 1<<x<<3 2549. —4d<<x<—2

2550. x=—3 2551. —7<x<—3 2552, 0<x<4. 2553 —-4§<x<l§’.

2554, —e—3 < x <e—3. 2555. —2<<x<<0, 2556. 2 <x <4 2557.1 < x=<3.
1
2558. —3I<<x<<—1 2559. l—-—é—<x<l—l—?1 Hint. For x=1 ;};%— the
1 \n?
. (1+4)

. . . . n |
series diverges, since lim —~—r; =—
n-w e Ve

2561. 1 <x<<3 2562. 1<Cx <5. 2563. 2<x<<4.2564.|z| <1 2565.|z] <1
2566, |z—2| <3 2567.|z| < V' 2 2568.2=0 2569. 2| < oo. 2570. [z[<—;

#0 2560. —2<x<O

2576. | —il?—(l—x) (—1I<x <) 2577. In(l+x) (—1<x<l).
X 1
2578. 5'“ F;c(lx{< 1) 2579. arctanx (] x|<<1). 2580. m(lxl <.
l—x 2 x
81, ——- . — s P,
BBl e (X1 <D 2882 = (xi<D). 2583 (x>0
1 1 — El
2584, 5 (arctanx— ln’:T’Q (xl<1). 2585. = {3 . Hint. Consider the
sum of the series x—%+)-c—-—... (see Problem 2579) Ior x=——l~:
5 V3"

-~|a

@®
n n
2586. 3. 2587. a"=l+2 "_%_ﬁ —m <x< . 2588 sin(x+

_V§ xt % ;4:: x® ’i—-nx"

)=
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l
2589. cos (x + a)=cos a—x sina— 2! cosa—f—a' sma—{-;f,-cosa-{-...

3,4 5,8
(n H)“] F..—0<x<w.2590. s1n=x_32“7_2_4’l‘_+26_’!‘_

+...,—w<x<ow. 2591 ln(2+x)=ln2+f§_

..-}—‘%sin[a—i—

2 n-— 1xzn

\2n)!
(=1

(=1

x? x" . _ _
_ﬁ‘*‘ﬁ:— n-2"+"" —2< x=<<2. Hint. When investi-
gating the remainder, use the theorem on integrating a power series

®
2c—3 n 3x—5
2592. o= Y, ()X X1 < 1. 2503, P v i

(x—1)*
hd 2 —ax hid (_])n-|2n—1xn
—Z(l+:5,,—“>x",]x|<l.2594. xe "—x-}-Z—Tm ,
n=o n=2

®

xzn in +1

—® < < . 2595. ex’=1+2ﬁ. —® <xr<o 259 }.-(2n+l)r

n=1
®©

(—w <x<w) 297 143" ( IR (2 )l 2508, 144 O (__(

n=1 n=1

o
32’]. 20 +1
—o<x<o. 2599 22(—-1\"%_

n=o0

b 2n 41 —
2600, 2(—-1)"" (—3<x<3. 2%0L +po.igldoxE,

g+l

| ::
G

(—oo<x <x).

135x 1.3 (2n—1) x»
+2462’—* -t 246 o 2:n+,+ L —2<x<?

+1 (___l)n-n on__ | n 1 1
2602. 222 y (Ix] <) 2603. Z-———— X <_§<,<5)_

2604 x+i( 5 (*xI<1D. 2605 L( ”"2n+| (xj<.

2606, x-+ i .—+; 2§+ L 32'3.'6',@'2:1);;":]+... (x]<).

2608, i(-—l)”"‘% (—o< x<w). 2609. 1+Z( nn- '"n;l'x"
n=1 n=g

2" n-1i
(— o< x <co). 2610. 84 3Lﬁ_i3_-
n=i

2.x? 2.5x° 2.5.8...(3n—4) x"
001 24 gy~ g Haga F o (S0 gt b

XM (—oo< x <®).
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®

(— o <x <ow). 2612. %——2(2,,——1”4—3%_-,) x" (—2<x<?).
n=1
3 Oy (1 4-32n=1) g2 ® . an .
26,3.1+TZ(__‘*;(§W)_"_(|,¢|<¢). 2614.24—’2ﬁ Wx| < V2.
n=1 n=o
2615, ln2-|-2(--'-l)”-l (14-2-m x;'_' (—l<x<). 2616. E(—l)" X
n=1 pos
x2n+1 o

6 i » x2n 41
X@In@Tm (7@ <F<®). BT ik Y (=" reg (<o),
n=1
3 nr X7 1 1.3
B18. (=1 5 (k<D 619 xpoo o

n=1
1.3.5...2n—=1) ,n,, x| 2%
+—§"—(47+—1—)—n-’—x +-.. (|x|<l). 2620. x+—3—-+ﬁ+...

X 28 x?  xt 2  5xt
262l.x—§+T5-—... 2622. e( l—§+'€—"')' 2623. 1+§+’ﬁ+"'

2624 AN 2625. x4+ 1 2626. Hint. Proceed
T\ TR ) c XX Ot . Hint. Proceed-

ing from the parametric equations of the ellipse x=acos ¢, y="bsin ¢, com-
pute the length of the ellipse and expand the expression obtained in a series
of powers of e. 2628 x*—2x®—5x—2=—78+459 (x+44)—14 (x+4)*+

F(x+4)° (—oo < x< o). 2629. f(x + h)="5x*—4x>—3x + 2+

+ (15x* —8x—3) h+- (15x—4) h*+-5h? (—o<x<w; —w<h< o).
@« —1 n [~

2630. Z(-—l)"—l(i—n—)—(o<x<2). 2631. 3 (— 1) s—1)" @ <x<2).
n=1 n=o

2632. Z(n-}-l) (+1)" (—2<x<0). 2633, 2(2"“"—3""")():-}-4)"
n=o n=o

(—6<x<—2). 2634. Z(‘”" (xs;kﬁ)“ (—2— VT <x<—24 V).

n=o0
- -~ (x+2)" x—4 1 (x—4)
n=1

1.3 (x—4)* 1.3.5(x—4)* )
'l'z__é(x 28 ) —4-6-8(x 08 ) +. ..+(_l>n

 1:3:5...@n—3) (x—ay"
4.6.8...2n e e
1

® T \2n-
)
O0<x<8).  2637. 2(—1)"-(__2.—_ (x| <w). 2638, -é-+
n=1

(2n—1)!
@ n \2n-1
V! 4"“(x__4_) w\ 1 1—x\2n+1
+ ) (=) U5l < ). 2630, —2 né m(m)
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Hint. Make the substitution %:t and expand Inx in powers of ¢.

1 x \? 1.3/ «x 1.3.5...2n—=3)/ x \”"
4640. x+"2"<1+x) +§'-“( ) T teTs (2n—2)<l+x> tee
i< ). 2641 |R;<:,’T < o642, |R|<l—ll~.2s43.-’-‘-=.-

T 2 40 6
(2),12(z)
1, 1\2 1.3\ 2
~3te -3 tia s
exceed 0.001, 1t is necessary to evaluate the remainder by means of a geo-

metric progression that exceeds this remamder 2644. Two terms, that is,

=0.523. Hint, To prove that the error does not

x? . 1
l——2—. 2645. Two terms, i.e., x—g 2646. Eight terms, i.e., l+2;1—!'
n=1
2647. 99; 999. 2648. 1.92 2649. 4.8 | R| < 0.005. 2650. 2.087. 2651. | x | < 0.69;
x| <0.39]|x] <0.22.2652. | x|<039; |x]|] <018 2653. -]—-——1:—--1:0.493[.

2 2%.3.3!
2654. 0. 7?68 26565. 0. 608 2656. 0 621 2657. 0.2505 2658. 0.026.

2659. 1 - Z( 1" (r— (o <x <o, —o <Y< m).

(211)'
n=i
2660 - ( 1) (x__y):n_(x_{_y)zn (_ <X D, — LY < B
' Z —b 2-(2n)! ® ' y >
Il 1
e ‘(x _’_'/2)2'1 1 _ . _
2661. Z( 1) BT (—oo < x< o ® <Y< ®).
n=i
. —X) x— l—x+y_ 2
2662. 122‘0 x)% |x—y| <1 Hint. Hx__y +l-—(y—x) Use
n=i
® P
a geometric progression 2663. ——ZT(—1<x< 1; —1<<y<).
n=1
b
in. 1—x— —(l—x) (1 — AT TY Eottii ol A :
Hin!. 1—x—y4xy=(1—x) (1—y). 2664. L( 1) TEN (—lsx<l;

n=o0

x+y

— 1 <<y <1). Hint. arc tan vy =qarc tanx t-arctany (for |x|<<1, |y]<<)).

1—

2665. f(x+h, y4k)=ax® +2bx1+cy }—2(ax—{«bj)lz+°(bx+01)k+ah +
|-2bh +-ck?. 2666. [ (14h, 2+k)—f (1, 2)= 9/1——9lk+3h +3hk— 12k + h* —

T 2n
' +(s-5 )]
— 2k, 2667, 1+2[(x AWV g8, I—LE( [ (2,,),2 :

y —3xy? 1,
2669. 1+x+—T —3—,——~+.. 2670. I-}-x-|~xy+—xlj+...

2671, c,—;c,_?(c,—c,) \a sin(2n4-1) x| . S(0)= c, € +C,, S(+m)= c,+c,.

n b 241 !
n=o
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. b—a 2(b—a) :cos(2n+l)x - slnnx
2672. & 2_ PIESIL +(a+b)2( —1)r- =

— 1 had
S(+ n)=bTan. 2673. T+4 3 (=1 s (1 my =t 2674, %smhanx

n=i

2sinan

x[gl(-z—i-z:z:-—_'_lg(acosnx—nsinnx)]; S (4 n)=cosh an. 2675. X
n=1

o
X Z 1)""sm " it ais nonintegral; sin ax if a is an integer; S (£ n)=0.
n=1

2sinan| 1 | « nacesnx | . . . . .
2676. __,!__[2_‘1-}-2(—1) a’-—n’] if a is nonintegral; cosax if a is an

n=1

. _ 2 sinh an n—y nsinnx .
integer; S (& n)=cosam.  2677. ———n——Z(—l) et S+ m)=0.
n=1

2678. ZL""L"[ \ 1)"”“5""] S (& m) =cosh an. 2679. Zs"‘”"
n h-d

al_l_nR
n=1

~sin(2n—Nx T n
2680. L ST & 7 b 5 0 V—' 2681. a)QZ(_l)n 'y

n=1

sinnx n 4 & ns(2n—l)x n? > .
X — _R—z e B 2682. a)Eb,,smnx, where

n=1

_2n 8 __n, ”cos nx . n?
b’k—‘_2k—l—ﬂ(2k—l)’ and bzk— _k" b) 3 +4V( 1) ) ?

-]

N ] —(—1)" gamy 1SN AX et —1
3 (=) TR b
n=1

2
2) - 2683 %)

alm

+

COS -—~

2a > [(—1D"e*™—1] cos nx . 1
+5 Z . 2684, a) Z sinnx; by =+

at+n?

cos nx. 2685. a)

+
alw
|
:1[-&

-]
n—y SiN(2n—1)x o
Z D" =gy D

2 ces2(2n—1) x - 1
—?[— > —(2’(1—:1—):'— 2636. an sin nx, where b:k=(—l)k I—2~k 'blk+l=

n=1 n=1

2 sin(2n—1)x n sin nx
—_— -~ n-1
W er e 2657 \ @1y 2688 o z'( D v 1
n=i n=1
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Answers
2h (1 =\ sin nh 2h| 1 o [sin nh\?
2689, = <§ +Z—n-h——cos nx). 2690. ?[7 +2(T) cosnx].
1 7S 2nx

n-: n=l
cos x _, CO8 nx 4 -
2601. 1———+2Z(-1)" 'Sy 2002, —[ +Z(“”" i ]
n=2a n=1
f (x) cos 2nx dx 4

ale
°Q’>-,:j

n
2 Sf (x) cos 2nx dx =

:l

2694. Solution.

—-Sf(x)cos 9nx dx. 1f we make the substitution f=———x in the first

integral and t=x—l in the second, then, taking advantage of the assumed
identity f (T4t )_ f(——t ) it will readily be seen that a,,=0

(n=0, 1,2, ...)% n
T

a
2 S [ (x) sin 2nx dx =% S f (x) sin 2nx dx +% f (x) sin 2nx dx.

wla—3a

2) byp= T
0

The same substitution as in Case (1), with account taken of the assumed
1dent1tyf( +t )=f 1}2——1 \; leads to the equalities b,, =0 (n=1,2,...).
/

i 2 1 2 <X sin 2nmx
Cs@ntl)x g9q, |2 Y AL
T et n

- 1 4
2695. 5'—3?‘2’_(2” {_l)z N 7
n=o n=1
7 1 cos 2 — qn sin 22
R I TN N ey B !
2697. blnhl[T I—Z}J(—l) I F nint
n=1

nnx
sin2(n—D e, 99p0

o *®
10 2 : sit 4
¢ — — n a —
2698. 1) 2699. a) E_ Oy

nnx © (2'r-— 1) ntx 1
sm-— .
L( nett — E . 2701. a)s b, sin = 5
n=i
8 n? 4n 4n®
where bzkh—‘? [2k+ 1 2k _{_ 1)1] ’ byp=—— b) 5
sm (21 1?1) nx |
., 2702, a) — 2 {— o 1)2 ) b) 57—

—162(—1)" '

4 m cos (2n+1) nx

2n o 9 \~ 1 2 I X~ crs2
lnx N CrS 1#184
3 o z- ;_t— 3 2.rt2 PAPEY

n=1
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Chapter IX

2704. Yes. 2705. No. 2706 Yes. 2707. Yes. 2708. Yes. 2709. a) Yes; b) no.
2710. Yes. 2714. y—xy '=0. 2715. xy '—2y=0. 2716. y—2xy’'=0, 2717.
xdx+ydy=0. 2718. y'=y. 2719. 3y*—x*=2xyy’. 2720. xyy’ (xy*+1)=1.

2721, y=xy’ ln-’yi. 2722. 20y +y’ =0. 2728,y —y’ —2y =0. 2724. y" + 4y =0.

2795, y —2y’' +y=0. 2726. 4" =0. 2727. " =0. 27128 (14-y"")y" —3y'y"* 0.
2729, y*—x2=25. 2730. y==xe®*. 2731. y=-—cosx. 2732, y=

=%—(— Be~% 4 9e* —4¢%%). 2738. 2.593 (exact value y=e). 2739. 4.780 [exact
value y =3 (e—1)]). 2740. 0.946 (exact value y—l) 2741. 1.826 (exact value
y=V 3) 2742. cot*y=tan?x+C. 2743. x== —— V—

=1n Cx2. 2745. y=a+]—ixa. 2746. tan y =C (1 —e*)%; x=0. 2747. y =C sin x.
9 .
2748. 2% =V'e (1+e"). 2M9. I4yl=y—(. 250. y=1. 2751

arctan (x+y)=x+C. 2752. 8x+2y +l—2tan(4x|-C) 2753. x+2y+
+31In)2x+43y—T7|=C. 2754. 5x+10y—|—C 3In|10x—5y-+6(. 2755. o=

or y?=2Cx-+C? 2756. Ing= —Injcos@|+C or In|x|—

; y=0. 2744, x4 y* =

=1;—coscp 2cos* @

—ny—z=c. 2757. Straight line y=Cx or hyperbola y=£. Hint. The seg-

ment of the tangent is equal to ]/y’-]—(y) 2758. y?—x2=C. 2759. y =

xydx

X
a

°
ey
= *x

=Ce?. 2760. y*=2px. 2761, y=ax? Hint. By hypothesis

]
W o
®

S ydx

0
Differentiating twice with respect to x, we get a differential equation.
2762. y2=%-x.

—— — —_—2
2763. y=]/-4~—x’+2ln2—l/;-4—i. 2764. Pencil of lines y=~Fkx. 2765. Fa-
mily of similar ellipses 2x*4-y2=C? 2766. Family of hyperbolas x2—y?=C.
2767. Family of circles x2+4 (y—b)2=b2. 2768. y._xln-— 2769. J—E—%.

X
2770. x=Ce¥. 2771. (x—C)*—y?=C% (x—2'—y?>=4; y=+x. 2772.
V—-}-lnl.ﬂ-C 2773. y—-—c-x 21C; x=0. 2774. (x*+y?*(x+y)?C.

2775. y=x ]/1—§x. 2776. (x4-y—1=C (x—y+3). 2777. 3x+y+2x
Xln|x4y—1|=C. 2778. In|4x+8y+5|+8y—4x=C. 2779. x*=1—2y.
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2780. Paraboloid of revolution. Solution. By virtue of symmetry the sought-
for mirror is a surface of revolution. The coordinate origin is located in the
source of light; the x-axis is the direction of the pencil of rays. If a tangent
at any point M (x, y) of the curve, generated by the desired surface being cut
by the xy-plane, forms with the x-axis an angle @, and the segment connect-
ing the origin with the point M (x, y) forms an angle a, then tan a =tan 29 =
__ 2tang

T 1—tan®eg’
y—yy'*=2xy’ and its solution is y?=2Cx+ C*% The plane section is a para-
bola. The desired surface is a paraboloid of revolution. 2781. (x—y)?*—Cy=0.
2782. x*=C (2y+C). 2783. (2y*—x*?*=Cx?. Hint. Use the fact that the area

X
is equal to Sy dx. 2784. y=Cx—xIn|x| 2785. y=Cx-+4x* 2786. y=

a

.-::%x‘—{—;cz. 2787. x V1 +y2+cosy=C. Hint. The equation is linear with

But tan a=%; tan @ =y'. The desired differential equation is

ab—e®

p 2790, y=

respect {>™x and d_x 2788. x:Cy’—-l. 2789. y=-e—x-|—
dy Yy x

1 —_ . 1/1+x x P
= V T—x2+ arc sin x) Ty 2091 y=—. 2792, y(¥*+Cx)=1.

C 1
2 __ 2 __ 3 . J—
2793. y:*=xIn < 2794. x —Jz————cy,. 2795. y?*(34-Cecosx)=x 2797. xy=
—=Cy?+a®. 2998. y?-+x +ay=0. 2799, x——yln—z . 2800. —-z + —Z =1. 2801.

2 3
A24-y>—Cy-+a?=0. 2802. —;— +xy+y*=C. 2803. ;—+xy’+x2=C. 2804.

X 3 s Yy 2 2 14 2__ 2 3
TTXY -1—2x+§=C. 2805. x?4y*—2 arc tan-;:C. 2806. x*—y?=Cy*.

x

x? " 42
n807. 5 +ye’ =2 2808. ln|x|—7=C. 2809.

+—‘lz—y2-—:C. 2811, (xsiny4ycosy—siny)e*=C. 2812. (12C*+41—2Cy) X
X(x*+C2—2Cy)=0; singular integral x*—y?=0. 2813. Gensral integral

(y + C)? =x?; there is no singular integral. 2814. General integral (%— y-}—C) X

x . x? 1
!7+§_C. 2810. —y—- In x4

2
x(x——-g——{—C):O: there is no singular integral. 2815. General integral

y? - C2== 2Cx; singular integral x*—y2=0. 2816. y=—;-cosx + lg

2
x=sinp<4Inp, 2818 {x::eP+pe”+C. 2819 ]x=2p——+C,
= - . =p2e? - p
{y psinp4-cosp+-p+C. y=pe”. y=p*+2inp.

Singular  solution: y=0. 2820. 4y=x2+p2 ln|p—x|=C+,3é;.

3 sin x. 2817.

——— 2 2
2821, In Vp2+y’+arctan§-=C, x-—:ln%&. Singular solution: y=e*.
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1

2 x=Ce~P—2p+2,
2822, y=? CX"‘I‘E, y=i 2x. 2824. {y____c(l+p)e—p_p’+2
1
l - —
x=—=(Cp *—p)
x=In|p|—arcsinp+C, 2825 3 Hint. The differential
2823.{y=p+ Vi=p. : .

y=75(2Cp* +p".
equation from Whicle x is defined as a function of p 1s homogeneous. 2826.
y=Cx+C% y=—%. 2827. y=Cx+C; no singular solution 2828. y:-Cx+

R 1
+ VT1FCE; a2 4y*=1. 2829. y=Cx+T: ; y2=4x. 2830. xy ==C 2831. A circle

and the family of its tangents. 2832. The astroid x* + y2/*=qa?/*. 2833. a) Homo-
geneous, y=xu; b) linear in x; x=uv; c) linear in y; y=uv; d) Bernoulli’s
equation; y=uv; e) with variables separable; f) Clairaut’s equation; reduce
to y=xy' + V¢’ g) Lagrange’s equation; differentiate with respect to x; h)
Bernoulli’s equation; y=uv; i) leads to equation with variables separable;
u =x+y; j) Lagrange’s equation; differentiate with respect to x; k) Bernoul-
li's equation in x; x=uv; 1) exact differential equation; m) linear; y = uv;

n) Bernoulli’s equation; y=uv. 2834. a) sin—i—:—-ln]xH—C; b) x=y.eCY+1,

2835. x* 4 y*=Cy*. 2836, y=ﬁ5- 2837. xy(C—%ln' ¥)=1. 2838 y=

=Cx+C In C; singular solution, y=.e“’l‘+”. 2839. y=Cx+ ¥V —aC; singular
. a X ——
solution, y=g-. 2840. 3y+In '(y+1)l=c. 2841, ?e"‘—e"'-—arc tan y—

— 3 In(144N=C. 2842, y=4(1-+Ce”). 2843, x=y*(C—e~Y). 28M. y=

=Ce™*"* psinx—1. 2845. y=ax+C ) T—x%. 2846. y=ﬁ(x+ln|xl+6).

2
2847, x=Ce™¥ —2 (1 4siny). 2848. T +3xty+Inl(x—3°|y—1p]=C.
2

2849. 2arc tan y;'=1n Cx. 2850, x'=1—§+(:e-7. 2851. x*=Ce¥—y—2

2852. l/%+ln|x|=c. 2853. y=x arc sin (Cx). 2854. y’:-Ce*’”+%sin x4+

-+ %—cos x. 2855. xy=C(y—1). 2856. x= Cey—-;— (sin y4-cos y). 2857. py -

=C (p—1). 2858. x‘=Ce‘—V—y'—% y'—-gy—a% 2859. (xy+ C) (x*y+ C)==0.

C ViFmk 1
X=—m——F5—+355In
2860, V ¥+ y'— —=C. 2861. xe¥—y*=C. 2862. 2 g0t
y + V140,

y=2px+ VT1Fpt

2863, y=xeC%. 2864, 26" —y*=Cy’. 2865. In|y+2|+2arc tan L2 2868,



Answers 465

¥ y ‘

Y2+ Ce * +17——2=0. 2867. x2y—Ce4. 2868, x+§=c. 2869, y=
—x 2 e

= *C—“x—“z 2870. y=C sin x —a. 2871. y="2 In(x+ Vaifx )+C
e x+ Vartx?

(y—Cx) (2 —x+C)=0. BT, y=Cr+ ;. y=o /TP, WU r4ry—

—yx—y'=C. 275, p't4y’=Cy’ 2876 y—x—1. 2877 y=x. 2878 y=2.

2879. y=0. 2880. y=-§(sinx+cosx). 2881. y=%(2x’+2x+l). 2882, y=

==e~% {-2x —2. 2883. a) y=x; b) y=Cx, where C is arbitrary; the point (0,0)

is a singular point of the differential equation. 2884. a) y*=x; h) y2==2px;

(0,0) is a singular point. 2885. a) (x —C)24- y2=C2 b) no solution; ¢) x2  y2-=x;
X

2872,

(0,0) is a singular point. 2886. y -e. 2887. y—=(V 22 + V %) 2888. y?--
-:1—e~*. 2889. r=Ce%. Hint. Pass to polar coordinates. 2890. 3y2—2¢==0
2891, r»;k(p 2892. x*-|-(y—b)*=b2 2893. y2--16x=0. 2894. Hyperbola
y? —x2.-C or circle x? |-y2--C2 2895, y:%—(e-"—l—e""), Hint. Use the fact

X

that the area 1s equal to Sydx and the arc length, to Volty? v
0

e

2
2896. x:%—f Cy. 2897. y2 _4C(C--a—x). 2898. Hint. Use the fact that tha

resultant of the force of ¢ravity and the centrifugal force is normal to the surface.
Taking the y-axis as {he axis of rotation and denoting by o the angular ve-
locity of rotation, we cet for the plane axial cross-section of the destred sur-
. . di . . .
face the differential equation ggi»:\—{:m-x. 2899. p_:e~"""18%% Hint, The pres-
sure at cach level of a vertical column of air may be considered as due solely
to the pressute of the upper-lying layers Use the law of Boyle-Mar otte, ac-
cording to which the density 1s proportional to the pressure. The sought-for

difterential equation 1s dp — — kp dh. 2900. s_-:—é-klw. Hint. Equation ds-—=

chw "T“xdx. 2901. s:(p—}«%—w) kl. 2902. T=a-(T,—a)e~*. 2903. In

3\t
one hour. 2904. w-=—=100 (%) rpm. 2905, 4 2% of the initial quantily Q,

will decay in 100 years. Hint. Equation ‘% =kQ. Q =Q, (—;—)“"". 2906. ==
1)\2 1
=~ i 2__ — —_ —_—
= 35.2 sec. Hint. Equation n (h®*—2h)dh a(l()) vdt. 2907, 1094 ° Hint,
h

dQ=—*kQdh. Q=Q, (—;—) 3. 2908, v — l/‘% as t —> oo (k is a propor-

tionality factor). Hint. Equation m‘%:mg—ka’; U= ]/gkﬂtanh (t 5—?) .
. dx 1 X R E
2909, 18.1 kg. Hint. Equatlon Ez—k (g—m) . 2910, l——m [(R sin wf—

16—1900
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R

t .
— Lo cos ot)+ Loe L ]. Hint. Equation Ri+Lﬂ=E sin of. 2911. y=

=xIn|x|+Cix+C, 2912. 1+C,y’:( =+C"}x )2. 2913. y=1n|e*+C,|—

—x+C, 2914, y=C,+C,In[x|. 2915. y=C,eC* 2916. y= + ¥V C,x 1 C,
—C
2017, y=(1+C In|x+C,|—Cyx+C,. 2018, (x—C,) =aln|sin 2

sin

2019. y———(lnlx[)’—}-C In|x| 4 C,.2920. x—- In ay=C.2921. y=

| c
= C,eC* + 'C—,' 2922, y= i;—z— [ ch_xurc2 arcsin ] +C, 2923. y:-=
=(Ce* +1) x4C,. 2924, y=(C;x—C?) eE'—H-}—C,; y:——2— x24C (singular solu-
tion). 2925. y=C,x (x—C,)+C,; y=§+c (singular solution). 2926. y=
=£+§+C,xln|x[+6,x+€,. 2927. y= 4 sin (C, £ x)+ Cpyx+C,. 5928.y1

=x*+3x. 2929. y-:;—(x’—i—l). 2930. y=x-1. 2931. y=Cx2 2932. y=C, X

x:j‘_gze,,,y=c. 2933. x=c,+1n ‘ 2034, x=-C, ——111
2935. x=C,y +yln_/+Cz 2936. 24° —4x2__1 2937. y=x-- l 2938 y =
== Al o I=x ety 2939 R
=3e—1n 4 V=3 rnT 1 ’ A
2
2940. y:%xz. 2941. y=2¢*. 2942, x::—-— w-1-2)°. 2943. y - e*.
e—% 2
2944, Y= +1—e' 2945. y= g%hg.rz ——,E—:— . 2946. y-=
=——3eax 2947. y==sec’x. 2948. y--sinx-1 2949. y ;L‘z_l
2+€‘x : . 4 9
2950. x:-—%e"}"". 2951. No solution. 2952, y=e*. 2953. y-- 21nl,\|——2
x4+C:4-12 4 2
2954. y=(——2'—+—§ C, (x+1)2 +C,. Singular solution, y=C. 2955. y ==

_x +1)’

2
= C‘% + (C,—Cf)x+Cz. Singular solution, +C. 2956. y=

=il§(C,+x)‘+sz+C,. 2957. y=0C,+ CpeCr* ;y=l—-—e";y=—-—l+e—";

'singular solution, y:c;ix. 2958. Circles. 2959. (x—C,)?*—C,y*+-kC2 0.

2960. Catenary, y=a cosh x—;xo. Circle, (x—x,)®+y*=a% 2961. Parabola,

(x—x¢)=2ay—a® Cycloid, x—xy=a (t—sint), y=a (1 —cos {). 2962. ¢®+C:=
q q
-—X -

=sec (ax+C,). 2963, Parabola. 2964, y_g-I;—eH 22 ge H

+Cz:=a><
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xcosh +C,, where H 1s a constant horizontal tension, and ﬁ:a. Hint.

x-4+C
a

. . . dy_q ]/ dy\? . .
The differential equation = 1 (Ec) . 2965. Equation of motion,
2

g_tz:g(sin a—p cosa). Law of motion, S=g2t~ pcosa) 2966. s=—

Z X

Tk ds ds
xlncosh(t ]/ng> Hint. Equation of motion, Mo =mg— k (dt> 2967. In
6.45 seconds. Hint. Equation of motion, z th —10 v. 2968. a) No, b) yes,

c) yes, d) yes, ¢) no, f) no, g) no, h) yes 2969. a) " 4-y=0; b) y"—2y’ +y =0;
¢) x%y'—2xy' +2y =0, d) y"'—3y"+4y’—2y =0 2970. y=3x—5x2 4 2x3. 2971. y =

=l—(Cl sin x4 C,cos x). Hint. Use the substitution y=y,u. 2972. y=C,x 4
2

+4-C,Inx. 2973. y=A 4 Bx*{x*. 2974. y:%-k Ax+§_—. Hint. Particular so-

lutions ~8f the homogeneous equation y,==x, y, ::-117 . By the method of the

- 3
variation of parameters we find: C ﬂi—{—A, Co=— —)f-—i—B 2975. y=A+

-} B s x Ccos x+4-1n|sec x 4-tan x| {—smxln]msﬂ—unsx 2976. y = C,e** -
4 C,e%* 2977 y=:C,e™ - C,e*". 2978. u——C -+ C,e* 2979. q C,cosx + C,sinx.

2980 y—=e* (Cycos x-|- C.,sm,\) 2981. y=e “lax (C cos 3v-|-C sm&w) 2982. y=
- (C,--C.x)e~*. 2983. y==e* ((,‘,erl 2—1- Cze"" B, 2984, If k>0, y=
=Cet! K etk if k<0, y-—=Cycos YV —kx -}- C, sn V —kx.
x 1 IS 13 — —
- x - x - fl
2985.y =e *(Ce® --Cre * ) 2986.y=e® <C, cos '/ﬁll.wc—i-C2 sin PG 1.\:) .

2087. iy = 4e* 4-e'¥. 2088. y = c~ . 2989. y == sin 2x. 2990. y=1. 2991. _-acosh—':—.

2992. y =0 2993. y=Csinnx 2994. a) xe* (Ax*+ Bx4-C): b) Acoslx |-
--Bsin2x; ) Acos 2¢-F B sin2¢ - Cy2¥; d) e¥ (Acosx- Bsiny), e) e¥X
N (A2 By 4-C) 4- xe*¥ (D +- E); 1) xe® [(Ax2-- Bx--C) cos 2x+ (Dx2+ Ex |-F)x

X

- 3
Xsin 2x] 2995, y=(C, -t C,x) ez"—}—% (2x24-4x -} 3). 2996. y =e¢ * <C,cosx‘2/ +

. X
+4-C, sin

‘g 3) 4 x3-1-3:2 2997, y=(C,--Cox)e~%-}- —:) 0%

2998, y = Ce® |-Cpe™ -2 2999. y-=Ce¥{-Ce™" —{-% xe*. 3000. y=C, cos x-
--C s:inx«{“]z xsinx. 3001. y=C,¢*+ Cze"”—% (3 s1n1 2¢ -}-cos 2x). 3002. y =
1

2X -3
= C,e** +Cye +x(m %

2
)e” 3003. J=(C,4-C2x)e”+%cos.v+%e"—-
—g—e"‘ 3004. y=C,+ 2e"‘—}- x4

20 (2cos 2x—sin 2x). 3005, y=e*X
% (C, cos 2x - C, sin 2x) 4- % e* sin 2x. 3006. y-=cos2x +% (sin x 4 sin 2x).

16*
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8007. 1) x=C, cos ot 4 C, sin ot +

,sln pt;  2) x=C,cos ot +C,sin of —
2
——;—t cos wt. 3008, y=C,e** + C,e** — e"‘ 3009. y =C,+C, e”‘—i— ————— .

8010. y=e* (C, + C,x+ x?). 3011. y=C,+C,e”‘-|——xe”‘-—-£x. 3012. y=
! 1 2 2

==C,e"”‘+C,e"‘——§ e"+—5—(3 cos2x+s8in2x). 3013. y=C,+Cee~*+¢* +

+-g—x’—5x. 3014. y =C, + Cye* —3xe* —x—x2% 3015.y= (C +C,x+— x’\

A-

xe"‘—{--]—e". 3016. y=(C,cos3x-+C, sln3x)e"+37 (sm3v+6c053x)+ g

3017. y= (C,+C,x+x')e”‘+x+l. 3018. y——C +Cge’”~—- (cos x -+ 3sinx) —
2
—%-%. 3019. y—le'”(4x+1) ——-+4 3020, y=C.e*+Cpe~* —

— xsinx—cosx. 3021. y=C,e~ 2"+ Cze”‘——Q—O- (sin 2x42cos 2x). 3022, y =
= C, cos 2x+ C, sin 2x — —:- (3sin 2x+2cos2x)+% . 3023, y=e*¢3,cosx
+ C, sin x—2x cos x). 3024. y= C,e” + C,e"‘—i—% (x*—x)e*. 3025.y = C, cos3x-+

4 C,sin3x+ —xsm x—-flécos x4 = (3x-—l)e"‘. 3026. y=C,e”‘+C,e""+%x

X (2—3x) +l—6 (2x2—x) e**. 3027.y=C, +C,e”‘—2xe”—-% x—% x* 3028.y =

3
- (C,-{—C,x +%) ex, 3029. y=C,e""’+C,e"—% (2x'+x)e""—|—Tl?i X
2
X (2¢*+43x)e*. 8030. y=C,cosx+C, slnx—{—% cosx+%—sin x—%cos 3x +
-+ %sin 3x. Hint. Transform the product of cosines to the sum of cosines.

8031. y=C,e'xV'—‘+C,e"V’_+xe" sin x +e¥ cos x. 3032, y =C, cos x4 Cy sinx +

+cosxln'cot (%-i——n‘;— ! 3033. y=C,cosx+C,sinx--sinx. ln‘tan%
8034. y=(C,+Cyx)e*+xe*In|x|. 3035. y=(C, +C,x)e"‘+xe"‘ln{x|
8036. y=C,cosx+C,sinx+4xsinx+cosxln cosx] y=C,cos x +
+C, sinx—xcosx-}-smxln[smxl 3038 a) y= Ce"+C,e"‘+(e"+e"‘)x

xarc tane*; b) y=C,e* Vi 4Ce* Vi +e*t, 3040. Equation of motion,
3
3(%1_"5)—_—_2_/;(;:4-2); (k=13 T=2n ]/% sec. 3041, xm

[
o 2gsin 30t;i093gg sin Vgt cm. Hint. If x is reckoned from the position of

rest of the load, then ix":==4—k(x.-{—x—-y—l), where x, is the distance of
the point of rest of the load from the initial point of suspension of the spring,

Lt
1 is the length of the spring at rest; therefore, £ (x,—1)=4, hence, %g-t;—
d*x

== —Fk (x—y), where k=4, g=981 cm/sec?. 3042. m o = k(b—x)—k(b+x)



Answers 469

and x== ccos< ]/2k> 3043. 6‘57, gs;t:]/gln(6+1f3_5).3o44.a)r=

= i (e +e~h; by r= Zﬁ) (e"t—e~"!) Hint. The differential equation of motion
2
is d———w’r 3045. y=C, 4 C,e* 4 Cye'**. 3046. y=C,+ C,e™* + Cse*.

dt?
vy

X V&
3047. y=C,e~*4-e <C cos——x+C sin —— )

3048, = Cy+Cox+Cye® V® 4 Ce™* V' 3049, y - &% (C, 4 Cpx +Cyrl).
3050. ¢ —e" (C,cos x4 C,sin x)+e "(C,cosx-{ C,sin x)
3051. 1/_(C,+C x) cos 2x + (Cy4- C, x) sin 2x

X
3052, y=C,C.e™ J-e* (C, COSVT x4-C, sm-ﬁx>

3053. y==(C,+ sz)e"*—{ (Cs-|-C,x) e*.
3054. y= C,e“x }Cze"“ --C, usuw}-C sin ax

3055. y=(C,4-Cax) e’ * ¥ 1 (Cy 4 Cox)e™" ¥ ¢ 3056. y=C,+Cux+
+ Cyco®u -|-Cysinav. 3057, y -=C,4-Cpx - (C,+C‘t)e"‘. 3058. y=(C, +
+4- Cyx) cos x - (C3+C,x) sin x. 3059. y—e ¥(C,+Coxt- ... +Cx""N)

3060. y=C,+Cyx |- (C,,—{ C‘x+ >

306t. y=C,+4C,x-| ]2.\‘~-}-3x3+—2— .\4—]-§%A5-i (Cs+4-C,x) e*.
X - e

3062. y=C,e*-|-e <C cos K; x4 Cysim V; x)—x’—s.

3063. y=C, 4 C,x 4 Cyx?+ C,e"+]08 (4 cos 4x —sin 4x)

3064. y= Ce*4-C J»Cx—{—— x“—i x%4- —v‘ +-e¥ }—x-——l—s‘
’ ! BT 2 3 12 2 4 )"

3065. y-—Cie ¥+ C,cusx- Cysinx-e¥ (l —-l> .

4 8

3066. y= C,+- C,cos x+4-C,sin x-{ sec x4-cos x In|cos ¢ |—1an x sin x 4- x sin &,
VA

3067. y:e"‘+e B (cos VS ]/1_51111—3-)() -x—2.

3068. y:—-(C,+C,lIn x)-%. 3069. y;:C,x’—{—%.

3070. y=C,cos (21nx)-+C,sin(21nx).
3071. y=C,x-+Cpx*-}-Cyx®. 3072, y=C,--C, (3x4-2)-"/.

3073, y:Clev-%. 3074. y=C, cos (In x) -+ C, sin (In x).

3075. y=C;x*4 C,x* -[—%x. 3076. y=(x+1)°[C,4+Cyln(x-}D] +(x-+ D
3077. y=x(Inx+In*x). 3078. y=C,cosx+C,sinx, z=C,cos x—C, sinx.
3079. y=e~% (C,cos x+ C, sin x), z:—.%e"" [(C,—2C,) cos x—(C, + 2C,) sin x].
3080. y=(C,—Cy,—C,x)e"%*, z=(C,x+C,)e %,
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t .
3081. x=C,ette ”<C cos—t—]—C sml{—q- )
t
e s (B T a0 L)
t
2=Celte ’< C, 12C0 V-3 H_ELM n}i‘it)

3082. x=C,e~t4Cpe?!, y=-= c,e Ly Chet, z_—(c,+c,)e-'+c et
3083. y=C,+Cze”——z (x*+x), z=C,e**—C, 4—%(x2—x—l).
3084. y=C,+4C,x+42sinx, z=—2C,—C,(2x+1)—3sin x—2cos x.
3085. y=(C,—2C,—2C,x)e"*—6x+ 14, z=(C,+Cyox) e~ *+5x—9;
C,=9, C,=4,
y=14(1—e"*)—2x 34477, z=—9(1—e™*) +x(5+4e%).
3086. x =102t —8e¥ —pl 6t —1; y= — 20e2! 1-8e* - 3e! -+ 12¢ +- 10.

2 2
3087. J_(CQC 2’ 2=CC_‘_x- 3088*, a)‘M-Ty)y:Ch —=Cy;

b) In Vi+y? +y*=arc tan —+C‘, —-——Z—:C,. Hint. Integrating the homo-
VeE+ty®
dx dx

geneous equation )—c—_y=x+y’ we find the first untegral In V x*+4p?-=

=arcX tan %—{-C,. Then, using the properties of derivative proportions, we have
dz__ _xdx _  ydy _xdx+ydy
2 x(x—y)  yl+y) 4y
2
hence, —=——==C, ¢) x+y-+2=0, x2+y*422=6. Hint. Applying the
Vs C ) x4y ¥+ pplying

properties of derivative proportions, we have de _ 4y _ _dz _ detdyidz
y—z z—x X—y 0

whence dx+dy 4 da=0 and, consequently, x+y +z=C,. Smnlarly, -—Q———

x(y—
=y(yzd_1x)=z(ify)=xdx+u(()ij+2dz; xdx--ydy+zdz-=0 and x“rJ' -

+22=C,. Thus, the integral curves are the circles x4y +2—=C,, x2+y*+ 22—
From the initial conditions, x=1, y=1, z==—2, we will have C;=0, C,=6.

., Co X2
3089. y=C,x +7—--1—8(31113x——21n x),

P

Whence In z=—;— In (x®+y*-+1InC, and,

z2=1—2C\x -+ i—i—i—% @Blnltx4Inx—10.

3090. y=Cpe*"? 4-Cpe=*"? 4+ Cycos x+C, sin x + ¥ —2x,
VT _ Vi _Cs

C, 1
z2=—Ce —C, 3 08 x——4~ smx-—-je"—kx
_t ] _k t
3001, x=23'—n$ (1~—e m ) yz—g(kvosina—l—mg)(l—e m )—ngt
dv,
Solution. m%: —kvg m dt—— —kv,—mg for the initial conditions: when
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t=0, xo-ajo,-o Ug,=UoC08 0, U, =v,sina. Integrating, we obtain v, =
k

, ko, + mg=(kvgsina+mg)e ™ . 3092. x=acos——t, y=

Vm

=1. Hint. The differential equations of motion:

= v, COs ue

) Vnz

:ii

k*y?

sin 7“—‘ +

mo}
d*x¢ . dy 2
mat—z—-_:—kx. rrzaz~4—k
3003. y== —2—2v—x%. 3094. y:(yo+%> e“x-'>_%x+%,
PRI U T PN (R
3098 y=gtgrtg Ot iyt
] Loy 2
3096. y--3 ¥—773 *71127

xz
3097. y — ot i —1<<x<l.
y .x.+1_2—{ 3 3+d 4—{— ; the series converges for —1<<x <1
x? x3 x*
3098. y,;x—“”2_21'-(2!)2_3—(3!)2.4 -...; the series converges for —oo <

<x< -i-c0. Hint. Use the method of undetermined coefficients.

. 4.7
3099. y-=1 ——l x¥- ]b_'I x“—L;'— x%...; the series converges for— oo <x<+4 0.

3100. y = "lx Hint. Use the method of undetermined coefficients.
0 u v t1 f
3101, y=1— 22 - T 4.—?——4—&——..., le series converges for |v]|-Z oo,

Hint. Use the method of undetermined coefficients. 3102, x. a < 2't -+
2 . 09 4,5 4 . ant 154
-}- 71-!-1 ——mt +th —... ). 3103, u== ] ] . Hint. Use the condi

tions: u (0, £)==0, u (. )=-0, u(x, 0)=A sinI% s du E); 0

=0.

3104. u -- Z,,LZ 12 1 —cos nmn) sm——ﬂ sin®™ | Hint. Use the conditions:
N3 b 1y

l l
n=1
ou (x,
w0, £y=0, u(l, t)=0, u(x,0)-0, _’L(d"t_olzl,
- 2}
3105. u::fih— L sin — nx cos naat inn—mf . Hint. Use the conditions:
n2 — n? 2 l l
2hv 1
ou (( 0) —l-— for 0-< x<—‘2‘

— 7=0, u(, $)=0, u{, )=0, u(x, 0)= :
ot lQh(l———'-\l) for—‘[)— <x<l.

@
3106.u=2Ancos(2n+21)am i (2”2:)”. where the coefficients A, ==

n=o
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l
=%S -’lisiu _______(2n—|2-l])nx dx. Hint. Use the conditions
(]

_qo Oullt)_ X Ou(x,0)
u(0, 1)=0, ——==0,u(x, 0) 7, —5—=0.
® 1 a2n2n2t
400 . onnx " 1009
3107. u=— Z — (I—cos nm) sin 7 e

n=1
Hint. Use the cgnditions: u (0, £)=0, u (100, {)=0, u(x, 0)=0.01 x (100—x).

Chapter X

3108. a) <<1”; <<0.0023°/; b) <1 mm; <<0.26°; c¢) <1 gm; <0.0016°/,.
3109. a) << 0.05; < 0.021°,; b) <0.0005; < 1.45%,; c¢) <<0.005; <0.16°/,.
3110. a) two decimals; 48.10% or 49-10%, since the number lies between 47,877
and 48,845; b) two decimals; 15; c) one decimal; 6.10% For practiga'-purposes
there is sense in writing the result in the form (5.940.1)-10%. 3111. a) 29.5;
b) 1.6.10% c) 43.2. 3112, a) 84.2; b) 18.5 or 18 474+0.01; c) the result of
subtraction does not have any correct decimals, since the difference is equal
to one hundredth with a possible absolute error of one hundredth.
3113*, 1.840.3 cm? Hint. Use the formula for increase in area of a square.
3114. a) 30.0+0.2; b) 43.74£0.1; c¢) 0.3+£0.1. 3115. 19.94+0.1 m?
3116. a) 1.1295+0.0002; b) 0.1204-0.006; c) the quotient may vary between
48 and 62. Hence, not a single decimal place in the quotient may be consid-
ered certain. 3117. 0.480. The last digit may vary by unity. 3118. a) 0.1729;
b) 277.10% c) 2. 3119. (2.0540.01)-10° cm?® 3120. a) 1.648; b) 4.025+0.001;
c) 9.006+0.003. 3121. 4.01.10*° cm?2. Absolute error, 65 cm? Relative error,
0.16°/,. 3122, The side is equal to 13.8+0.2 cm; sinu=0.4440.01, = 26°15"
435", 3123. 2740.1. 3124. 0.27 ampere 3125. The length of the pendulum
should be measured to within 0.3 cm; take the numbers st and ¢ to three
decimals (on the principle of equal effects). 3126. Measure the radii and the
generatrix with relative error 1/300. Take the number m to three decimal places
(on the principle of equal effects). 3127. Measure the quantity [ to within
0.2°/,, and s to within 0.7°, (on the principle of equal eflects).

3128.

x y | Ay A’y l Ay l A%y ’ A%y
! 3| 7 —2 | -6 ’ 4| -
2 10 5 —8 8 | -o |
3 15 , -3 0 -1 ' ’
s | e -3 | - ] l
5 , 9 —4 l
T ]
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3129.
x y Ay py | Ay
1 —4 —12 32 ‘ 48
3 —16 20 80 , 48
B | 4 100 128 ] 18
N 228 | 176 |
o | e ‘ 401 '
1 l 736 ‘ ' l
® e
3130.
A ' ] ! Al ’ Ay | Ay ! Aty
e T Y
1 l —t | = | —6s R A
2 | —s |- ’ —e5 | w0
3 ’ —162 ’ —178 i 9 | b
I f —310 ’ 29, ’ 6 i mo »
R ’ —2u |7 e
G =T ’ —6 | 20 |
Pl | s | 20 |
5 ‘ 7o l 302 ' 438 | l
9 i —540 ' 770 / | '
10 l a0 | l ' ,

Hint. Compute the first live values of y and, after obtaining Ay, == 24, repeat
the number 24 throughout the column of fourth differences. After this the
remaining part of the table is filled 1n by the operation of additioa (moving
from right to left).
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3131. a) 0.211; 0.389; 0.490; 0.660; b) 0.229;0.399;0.491; 0.664. 3132. 0 1822;

0.1993; 0.2165; 0.2334; 0.2503. 3133. 14 x--x*+x*. 3134. y =9—16 x‘——‘—i% © 4
85

-i-24 x— 12)«:—{-8 y =22 for x=5.5; y=20 for x==5.2. Hint. When computing

x for y=20 take y,=11. 3135. The interpolating polynomial is y ==x*— 10x 4 1;
y=1 when x=0. 3136. 158 kgf (approximately). 3137. a) y (0.5) =—

y(2)=11; b)y(0.5)=-—%, y(2=—3 3138. —1.325 3139. 1.01.

3140. —1.86; —0.25; 2.11. 3141. 2.09. 3142. 2 45and 0 019. 3143. 0.31 and 4
3144. 2.506. 3145. 0.02. 3146. 024, 3147. 1 27  3148. —1.88; 0 35; 1 63
3149. 1.84. 3150. 1.31 and —0.67. 3151. 7.13. 3152. 0.165, 3153. 1.73and 0,
3154. 1.72. 3155. 138 3156. x=0.83; y=0 56; x-=—0.83; y=—0.56
3157. x=1.67; y=1 22. 3158. 4 493. 3159. +1 1997 3160. By the trapezoi-
dal formula, 11.625; by Simpson’s formula, 11 417. 3161. —0 995, —1; 0.005;
0.5°,; A =0.005. 3162. 0.3068; A=1.3-10"5, 3163. 069 3164. 0.79.
3165. 0.84. 3166. 0.28. 3167. 0.10. 3168. 1 61. 3169. 1.85 3170. 0.09.
3171. 0.67. 3172. 0.75. 3173. 0.79. 3174. 4.93. 3175. 1 29. Hint. Make use
of the parametric equation of the ellipse x —<cost, y=0.6222 sintezud trans-

form the formula of the arc length to the form l/-l—e2 cos?t.dt, where €

°L/>~l;|

- - . %2 2 X x
is the eccentncnty of the ellipse. 3176. y, (x)—-—_g , Ya (%) ——j +6_§ Yy (X) = T

“x”
+63 2079+59535 3177, J:(x)———H-l yz(x)~~+——t+1 ys(x) =
3

2, (x) =—=3x—2, zz(x):€—2x2—|—3x—, z,(v):zg__

_E
x® x°
— 2x?4-3x—2. 3178, y, (x)=x, !/z(x)—“—-x—?, Yy (X)X 6 +120

3179. y(1)=3.36. 3180. y(2)=0.80. 3181. y(1)=3.72; z(1)==2.72
3182. y=1.80. 3183. 3.15. 3184. 0.14. 3185. y (0.5) =3 15; 2(0 9)—=—3 15.
3186 y (0.5)=0.55; 2(0 5)==—0.18. 3187. 1.16. 3188. 0 87. 3189. x (1) -3.58;
x' (n)=0.79. 3190. 42941739 cos x— 1037 st x—6321 cos 2x -}- 1263 sin 2x —
— 1242 cos 3x—33sm3x. 3191. 6 49—1 96cos x4 2.14 sin x—1.68 cos 2x -
-+ 0.53 sin 2x—1.13 cos 3x 4 0.04 sin 3x. 3192. 0.960 +0.851 cos x - 0.915 s x |-
- 0.542cos 2x +0.620 sin 2x -}-0.271 cos 3x-{-0.100 sin 3x. 3193. a) 0 608 sin x |-
4 0.076 sin 2x 4 0.022 sin 3x; b) 0.338 4 0.414 cos x+0.111 cos 2x |-0.056 cos 3x.
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Greek Alphabet

Alpha—Aa Jota—Iv Rho—Pg

Beta— B Kappa—Kx Sigma—2o

Gamma—TYy Lambda— AM Tau—Tr

Delta—Ad Mu—Mp Upsilon—Tv

Epsilon— Ee Nu—Nv Phi—Og

Zeta—7¢ Xi—EEt Ch1—Xx

Eta—1Hny Omicron—0Oo Psi— ¥y

Theta—00 Pi—IIn Omega— Qu

Il. Some Constants
Quantity x log x Quantity x log x

a 3 14159 0.49715 —:— 0.36788 | T 56571
2= 6.28318 0.79818 et 7.38906 | 0.86859
34 1.57080 0.19612 Ve 1.64872 | 0.21715
n : —
T 0.78540 1.89509 Ve 1 39561 | 0.14476
?l{ 0.31831 | 1.5025 | M=loge | 0.4342) |1.65778
n? 9.86960 0.99130 —AIT=In 10 2.30258 | 0.36222
V= 1.77245 0.24857 | radian | 57°17'45"
v n 1.46459 0.16572 arc |° 0.01745 | 2.24188
e 2.71828 0.43429 g 9.81 0.99167
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Appendix

{ll. Inverse Quantities, Powers, Roots, Logarithms

1 - — |3, —|3,—| 3,— | logx
x| 5 x2 x3 Vx | Viox /x I/IOx I/IOOx ?i];::s.) Inx
1.0{1.000] 1.000 1.000 |1.000{3.162|1.000{2.154| 4.642 | 0000 |0.0000
1.1/0.909] 1.210] 1.331 |1.049(3.317|1.032]|2 224| 4.791 | 0414 |0.0953
1.2(0.833] 1.440] 1.728 |1.095|3.464|1.063]|2.289| 4.932 | 0792 {0.1823
1.3/0.769| 1.690] 2.197 |1.140(3.606(1.091]2.351| 5.066 | 1139 {0.2624
1.4/0.714] 1.960] 2.744 [1.183|3.742|1.119]2.410| 5.192 | 1461 [0.3365
1.5/0.667] 2.250] 3.37511.225|3.873(1.145|2.466| 5.313 | 1761 |0.4055
1.6/0.625| 2.560] 4.096 |1.265/4.000|1.170|2.520| 5.429 | 2041 [0.4700
1.7{0.588| 2.890| 4.913 |1.304]4.123|1 193{2.571| 5.540 | 2304 [0.5306
1.8{0.556| 3.240| 5.832 [1.342|4.243(1.216{2.621| 5.646 | 2553 (0 5878
1.9/0.526| 3.610] 6.859 |1 378/4.359(1.239]|2.668| 5.749 | 2788 |0.6419
2.0{0.500| 4.000] 8.000 |1.4144.472|1.260(2.714| 5.848 | 30% (0.6931
2.110.476| 4.410] 9.261 |1.449(4.583|1.281[2.759| 5.944 | 3222 [0.7419
2.92/0.454| 4.840| 10.65 |1.483]4.690(1.301|2 802] 6.037 | 3424 |0.7885
2.3/0.435( 5.290| 12.17 |1.517|4.796(1.320]|2.844| 6.127 | 3617 [0.8329
2.4/0.417| 5.760] 13.82 |1.549]/4.899(1.339|2.884| 6.214 | 3802 [0.8755
2.5(0.400} 6.250] 15.62 |1.581/5.000(1.357{2.924| 6.300 | 3979 [0.9163
2.6/0.385| 6.760] 17.58 |1.6125.099|1.375[2.962| 6.383 | 4150 [0.9555
2.7/0.370} 7.290| 19.68 |1.643|5.196]1.392|3.000| 6.463 | 4314 [0.9933
2.80.357| 7.840| 21.95 |1.673/5.292|1.409[3.037| 6.542 | 4472 |1.0296
2.910.345| 8.410 24.39 {1.703]|5.385(1.426(3.072| 6.619 | 4624 |1 0647
3.0/0.333| 9.000] 27.00 |1.732]5.477{1.442(3.107| 6.694 | 4771 |1 0986
3.1/0.323| 9.610] 29.79 |1.761]5.568|1.458|3.141| 6.768 | 4914 [1.1314
3.2/0.312110.24 | 32.77 |1.789|5.657]1.474|3.175| 6.840 | 5051 |1.1632
3.310.303{10.89 | 35.94 |1.817|5.745|1.489|3.208! 6.910 | 5185 [1.1939
3.4{0.294(11.56 | *39.30 |1.844]5.831|1.504{3.240| 6.980 | 5315 {1.2238
3.5/0.286(12.25 | 42.88 |1.8715.916]1.518]3.271| 7.047 | 5441 [1.2528
3.6/0.278112.96 | 46.66 |1.897/6.000|1.533|3.302| 7.114 | 5563 |1..2809
3.700.270113.69 | 50.65 |1.924/6.083]|1.54713.332| 7.179 | 5682 {1.3083
3.8{0.263(14.44 | 54.87 |1.949|6.164|1.560|3.362| 7.243 | 5798 |1.3350
3.9(0.256115.21 | 59.32 [1.975(6.245|1.5743.391| 7.306 | 5911 {1.3610
4.0{0.250(16.00 | 64.00 [2.000{6.325|1.587|3.420] 7.368 | 6021 |1.3863
4.1/0.244[16.81 | 68.92 |2.025|6.403|1.601|3.448| 7.429 | 6128 |1.4110
4.2(0.238(17.64 | 74.09 2.0;9 6.481|1.613(3.476| 7.489 | 6232 I 4351
4.3/0.233(18.49 | 79.51 |2.074|6.557|1.626[3.503| 7.548 | 6335 |1.4586
4.4/0.227119.36 | 85.18 |2.098|6.633|1.639/3.530| 7.606 | 6435 [1.4816
4.5(0.222120.25 | 91.12 |2.121{6.708|1.651|3.557| 7.663 | 6532 (1.5041
4.6/0.217|21.16 | 97.34 |2.145|6.782|1.663|3.583| 7.719 | 6628 |1.5261
4.7(0.213|22.09 | 103.8 |2.168(6.856|1.675|3.609| 7.775 | 6721 |1.5476
4.8/0.208/23.04 | 110.6 [2.191/6.928]1.687]3.634| 7.830 | 6812 |1.5686
4.9(0.204 (24.01 | 117.6 |2.214|7.000|1.698|3.659| 7.884 | 6902 |1.5892
5.0/0.200(25.00 | 125.0 2.236|7.071|1.710(3.684| 7.937 | 6990 |1.6094
5.1/0.196(26.01 | 132.7 |2.258|7.141]1.721|3.708| 7.990 | 7076 |1.6292
5.2(0.192[27.04 | 140.6 |2.280(7.211|1.732|3.733| 8.041 | 7160 |1.6487
5.30.189(28.09 | 148.9 |2 302|7.280|1.744|3.756| 8.093 | 7243 |1.6677
5.4{0.185(29.16 | 157.5 |2.324|7.348|1.754|3.780| 8.143 | 7324 |1.6864
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Continued
— —— l3,=13,—]3 log x
o x vE | vIoz |V 2|V 10x ) 1oox (man-| Inx

5.510 30 25| 166 4(2.345] 7.416|1.765|3.803| 8.193 | 7404 |1.7047
561|0. 31 36] 175.6 |2 3661 7 48311 776(3.826| 8.243 | 7482 |1 7228
5.7 {0. 32 49| 185 212 387 7 550{1.7863.849 8.291 | 7559 |1.7405
5.8 10. 33.64| 195.1]2 408| 7 616|1.797|3.871| 8.340 | 7634 |1.7579
5910 34 81} 205.4(2 429 7.681(1.807(3 893| 8 387 | 7709 |1.7750
6.0 |0. 36.00] 216.012.449| 7 746 1.817|3.915| 8.434 | 7782 |1.7918|
6.1 0. 37 211 227.012.470{ 7.810|1 827|3.936| 8 481 | 7853 (1.8083
6.2 10 38.44| 238 312 490| 7 874(1.83713.958| 8 527 | 7924 |1.8245
6.3 10 39.69{ 250 0|2.510( 7.937{1.847|3.979| 8 573 | 7993 |1.8405
6410. 40 96| 262.1/2.530| 8.000(1.857{4.000]| 8 618 | 8062 |1.8563
6.5 42.925| 274 6]2.550| 8.062)1.866|4 021 | 8.662 | 8129 |1.8718
6 6 43.56| 287 52 569 8.124|1 876(4.041| 8.707 | 8195 |1.8871
67 44 89} 300 82 588 8.185|1 885{4 062| 8 750 | 8261 |I 9021
6 8 46 24| 314 412 608| 8.24611.895]4.082| 8 794 | 8325 |1 9169
69 47 61} 328 512.627| 8 30711.904|4.102| 8.837 | 8388 {1 9315
7.0 49.00] 343 0| 2.646| 8.367(1.91314.121| 8 879 | 8451 |1 9459
7.1 50.41| 357.912 665 8 426(1.922(4.141| 8 921 | 8513 {1.9601
7.2 51.84| 373.2/2.683| 8.485]1.931]4.160| 8.963 | 8573 [1.9741
7.3 53.29| 389.0{2.702| 8.544|1.940/4.179| 9.004 | 8633 |1.9879
7.4 54 76 405.2(2.720| 8 602|1.949{4.198| 9.045 | 8692 (2.0015
7.5 56.25| 421.9{2.739| 8.660]1.9574.217| 9.086 | 8751 [2.0149
7.6 57.76| 439 0|2 757| 8.718|1.966|4.236| 9.126 | 8808 |2.0281
7.7 59 29| 456 5|2 775| 8.775|1.975|4.254| 9.166 | 8865 {2.0412
7.8 60.84| 474 6]2.793( 8.83211.98314 273| 9.205 | 8921 {2.0541
7.9 62.41| 493.0(2.811] 8.888 |1 99214 291 9.244 | 8976 |2.0669
S.0 64.00] 512 012.828| 8.944(2.000]4.309( 9.283 | 9031 {2.0794
8.1 65.61] 531.4]2 846| 9.000|2 0084.327| 9.322 | 9085 |2.0919
8.2 67.24] 551.412.864] 9 055]2 01714.344| 9 360 | 9138 [2.1041
8.3 68.89| 571.8/2.8811 9.110]2 025]4.362| 9.398 | 9191 (2.1163
8 4 70.56| 592.712.898]| 9.165/2.033|4 380 9.435 | 9243 |2.1282
8.5 72.25 614.112.915] 9.220({2.041(4.397| 9.473 | 9294 |2.1401
8.6 73.96] 636.112 933] 9.274]12 049|4.414) 9 510 | 9345 |2.1518
8.7 75.69| 658.512.950| 9.327|2.057|4.431| 9.546 | 9395 |2.1633
8.8 77.44! 681.512.966| 9.381(2.065({4.448| 9.583 | 9445 |2.1748
89 79 21| 705.012 983 9.434]2 072[4.465| 9 619 | 9494 |2.1861
9.0 81.00] 729.0(3.000| 9.487(2.080)4.481| 9.655 | 9542 |2 1972
9.1 82.81! 753.613.017] 9.539(2.088{4.498( 9.691 | 9590 |2.2083
9.2 84.64| 778.713.033| 9.592(2.095|4.514| 9.726 | 9638 (2.2192
9.3 86.49| 804.4[3.050] 9.644]2.103|4.531| 9.761 | 9685 |2.2300
9.4 88.36| 830 63 066| 9.695|2.110[4.547| 9.796 | 9731 |2 2407
9.5 90.25| 857.4]3.082| 9.7472.118]|4.563| 9.830 | 9777 |2.2513
9.6 92.16| 884.713.098] 9.798|2.125|4.579| 9 865 | 9823 [2.2618
9.7 94.09| 912 713.114] 9.849|2.133|4.595| 9 899 | 9868 |2 2721
9.8 96.04| 941.213.130| 9.899|2.140|4.610{ 9.933 | 9912 |2.2824
9.9 98.01| 970.3(3.146] 9.950|2.147{4.626| 9.967 | 9956 |2.2925
10.0 100.00/1000.0/3.162{10.000}2.154 | 4.642 {10.000 | 0000 |2.3026
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IV. Trigonometric Functions

x° (rajmns) ’ sin a ' tan x cot x cos x
0 0.0000 (0.0000 | 0.0000 © 1.0000 | 1.5708 90
1 0.0175 0.0175 | 0.0175 | 57 29 0.9998 | 1.5533 89
2 0.0349 0.0349 0.0349 | 28.64 0.9994 1 5359 88
3 0.0524 0.0523 | 0.0524 | 19.08 0.9986 | 1.5184 87
4 0.0698 0.0698 | 0.0699 | 14 30 0.9976 | 1.5010 86
5 0.0873 0.0872 0.0875 | 11.43 0.9962 | 1.4835 85
6 0.1047 0.1045 0.1051 9.514 | 0.9945 | 1.4661 84
7 0.1222 0.1219 0.1228 8.144 | 0.9925 | 1.4486 83
8 0.1396 0.1392 | 0.1405 7.115 | 0.9503 | 1 4312 82
9 0.1571 0.1564 0 1584 6 314 | 0.9877 1 4137 81
10 0.1745 0.1736 | 0.1763 5.671 | 0.9848 | 1 3963 80
11 0.1920 0.1998 0.1944 5.145 | 0.9816 | 1.3788 ), 79
12 0.2094 0.2079 0.2126 4.705 | 0 9781 1 3618 78
13 0.2269 0.2250 0.2309 4.331 | 0.9744 1.3439 77
14 0.2443 0.2419 0.2493 4.011 | 0.9703 1.3265 76
15 0.2618 0.2588 | 0.2679 3.732 | 0.9639 | 1.3090 75
16 0.2793 0.2756 | 0.2867 3.487 | 0.9613 | 1.2915 74
17 0.2967 0.2924 0.3057 3.271 | 0.9563 | 1.2741 73
18 0.3142 0.3090 0.3249 3.078 | 0.9511 1 2566 72
19 0.3316 0.3256 0.3443 2.904 | 0.9455 | 1 2392 71
20 0.3491 0.3420 | 0.3640 2.747 | 09397 | 1 2217 70
21 0.3665 0.3584 0.3839 2.605 | 0.9336 | 1.2043 69
22 0.3840 0.3746 | 0.4040 2.475 | 0.9272 | 1.1868 68
2 0.4014 0.3907 0.4245 2.356 | 0.9205 | 1.169% 67
24 0.4189 0.4067 0.4452 2.246 | 0.9135 [ [.1519 66
25 0.4363 0.4226 0.4663 2.145 | 0.9063 1 1345 65
26 0.4538 | 0 4384 0 4877 2.050 | 0.8988 | 1.1170 64
27 0.4712 0.4540 0.5095 1.963 | 0.8910 | 1.0996 63
28 0.4887 0.4695 | 0.5317 1.881 | 0.8829 | 1.0821 62
29 0.5061 0 4843 0.5543 1.804 | 0.8746 | 1.0647 61
30 0.5236 0.5000 0.5774 1732 | 0.8660 [ 1.0472 60
31 0.5411 0.5150 | 0.6009 | 1.6643 | 0.8572 | 1.0297 59
32 0.5585 0.5299 | 0.6249 | 1.6003 | 0.8480 | 1.0123 58
33 0.5760 0.5446 06494 | 1.5399 | 0.8387 | 0.9948 57
34 0.5934 0.5592 | 0.6745 | 1.4826 | 0 8290 | 0.9774 56
35 0.6109 0.5736 | 0.7002 | 1.4281 | 0.8192 | 0.9599 55
36 0.6283 0.5878 0.7265 | 1.3764 | 0.8090 | 0.9425 54
37 0.6458 0.6018 | 0.7536 | 1.3270 | 0.7986 | 0.9250 53
38 0.6632 0.6157 0.7813 | 1.2799 | 0.7880 | 0.9076 52
39 0.6807 0.6293 | 0.8098 [ 1.2349 | 0.7771 | 0.8901 51
40 0.6981 0.6428 | 0.8391 1.1918 | 0.7660 | 0.8727 50
41 0.7156 0.6561 0.8693 | 1.1504 | 0.7547 | 0.8552 49
42 0.7330 0.6691 0.9004 | 1.1106 | 0.7431 | 0.8378 48
43 0.7505 0.6820 09325 | 1.0724 | 0.7314 | 0.8203 47
44 0.7679 0.6947 0.9657 | 1.0355 | 0.7193 | 0.8029 46
45 0.7854 0.7071 1.0000 1.0000 | 0.7071 | 0.7854 45
€os x . cot x tan x sin x (radx]a“g, ©
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V. Exponential, Hyperbolic and Trigonometric Functions

e® e—% sinh x cosh x tanh x sin x cos x
00 { 1.0000( 10000 | 0.0000| 1.0000 | 0.0000 0.0000| 1.0000
0.1 1.1052 | 0 9048 | 0.1002 | 1.0050 | 0.0997 0.0998| 0.9950
0.2 | 12214] 08187 | 0.2013 | 10201 | 0.1974 0.1987| 0.9801
03| 1.3499 | 0.7408 | 0.3045 | 1.0453 | 0.2913 0.2955| 0.9553
0.4 | 14918 0.6703 | 0.4108 | 1.0811 | 0.3799 0.3894| 0.9211
0 1 6487 | 0.6065 | 0 5211 | 1.1276 | 0.4621 0.4794| 0.8776
0 1.8221 | 0.5488 | 06367 | 1.1855 | 0.5370 0.5646| 0.8253
0 2.0138 | 0.4966 | 0 7586 | 1.2552 | 0.6044 0.6442| 0.7648
0. 2.2255 | 04493 | 0 8881 | 1.3374 | 0.6640 0.7174| 0.6967
0 2 4596 | 0.4066 | 1.0265 | 1.4331 | 0.7163 0.7833} 0.6216
1 97183 | 0.3679 | 1.1752 | 1.543]1 | 0 7616 0 8415| 0.5403
1. 3.0042 | 03329 | 1.3356 | 1.6685 | 0.8005 0 8912| 0.4536
] 33201 | 0.3012 | 1.5095 | 1.8107 | 0 8337 0.9320| 0.3624
1 3663| 02725 | 1.6981 | 1.9709 | 0.8617 0 9636| 0.2675
1 40552 1 02466 | 1.9043 | 2.1509 | 0 8834 0.9854| 0.1700
1¢ 4 4817 | 0 2231 2.1203 | 2.3524 | 0.9051 0.9975| 0.0707
1. 4.9530 | 02019 | 23756 | 2 5775 | O 9217 0.9996 | —0.0292
1 5.4739 | 0 1827 | 2.6456 | 2 8283 | 0.9354 0.9917 | —0.1288
1 6.0496 | 0 1653 | 2.9422 | 3.1075 | 0.9468 0.9738 | —0 2272
| 06859 | 0 1496 | 3.2682 | 34177 | 0 9362 0 9463 | —0.3233
o0 | 7381 | 01353 | 3629 376221 0.9640 0.9093 | —0.4161
91 | 81662 0 1225 | 40219} 41443 | 0.9704 0.8632| —0 5048
22| 90250 01108 | 44571 | 4 5679 | 0.9757 0 8085 | —0.5885
23 | 99742 | 01003 | 49370 | 50372 | 0.9801 | 0O 7457 | —0.6663
24 | 11 0232 00907 | 5.4662 | 5.5569 | 0.9837 0 6753 —G 7374
25 | 121825 | 0.0821 | 6.0502 | §.1323 | 0.9866 | 0.5985|—0.8011
26 | 13.4637 | 00743 | 66947 | 6.7690 | 0 9890 | 0 5155| —0.8569
27 | 14.8797 | 0 0672 | 7.4063 | 74735 0.9910 0.4274 | —0.9041
2.8 | 16 4446 | 0 0608 | 8.1919 | 82527 | 0.9926 | 0.3350 | —0.9422
29 | 18.1741 | 0.0550 | 9.0596 | 9.1146 | 0.9940 0.2392| —0.9710
3.0 | 20.0855 | 0.0498 | 10.0179 [ 10.0677 { 0.9950 0.1411 | —0.9900
3.1 122.1979 | 0.0450 | 11.0764 | 11.1215 | 0.9959 0.0416 | —0.9991
3.2 | 24.5325 | 0.0408 | 12.2459 | 12.2366 | 0.9967 | —0.0584 | —0.9983
3.3 | 27.1126 | 0.0369 | 13.5379 | 13.5748 | 0.9973 |[—0 1577 | —0.9875
34 |29.9641 | 0.0334 | 14.9654 | 14.9987 | 0.9978 |—0.2555| —0.9668
3.5 | 33.1154 | 0.0302 | 16.5426 | 16.5728 | 0.9982 |—0.3508 | —0.9365
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Vi. Some Curves (for Reference)
iY
A )Y
1
-1 X
0 X 0 1
-1
0 X
1. Parabola, 2. Cubic parabola, 3. Rectangular
y=x% y =13, hyperbol_:‘a,
LT
y=
i
Y
1
7
101, X 1ol 1 X

4. Graph of a fractional 5. The witch of Agnesi,

function, 1

=L v= T4+x2°
x2

Y Y
X
0
0 X

6. Parabola (upper

branch),

y=Vx.

7. Cubic parabola,

y=i%
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Y vy
8b Semicubical
parabola,
Ty y?==x* or [ x=1% —
OI X y=t X
8a. Neile’s p arabola,
2 s
y=x* or { ’:‘;
b *
i
y=c0s 1 7 Yy=stn x

9. Sine curve and cosine curve,
y-=simx and y=cosux.

cot r

7
c -
o
NinlL~
;.
N
NP
Ny~
47
2
N'tn 7
Q
)

PE A TR
IF;; —t

10. Tangent curve and cotangent curve,
y=tanx and y=cot x.
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=Sec T l =cosec r
¥ B . lAy/ ] 1 L
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17
L X
Y3n |« Ia 0 [z A |on 2 5w |37
2 2 7 2 2
/ S -/ g Sy / ¥
f \ e A ‘
VAR RIA /
1 | — L — — t ¢
-3
11. Graphs of the functions «
y-=secx and y =cosecC .
y=arccos:t -
Y=arc sin x-
[
y=arccos T
y=arcsin
X
?—-—-
-1 1
ﬁ Yy=arccos x
y=arc sinz )/
2

12, Graphs of the inverse trigonometric functions
y=arcsinx and y= arc cos x.
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Y
l‘ |
2n T
! |
S7 l %1 ' =arc cot x
kf |
" I
|
-;5 ;/,/y=arc cot x
> -1 X
—O—O——O0——
-3 “2.~:1 0 1 1x2 3 0 r2 3
ﬁ: ! 1
‘ .

- P/ =
2 - | Yy=arc cot x
-7 L Yy=arc tanzx
! -nf
~ In I
2 ,

13. Graphs of the inverse trigonometric functions
y=arctanx and y=arccotx.

14, Graphs of the exponential functions
y=e* and y=e~*.
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Al-a,0) X 25, Bernoulli’s lemniscate,
-y =a® (P — )
or r2=a?cos 2¢.
24. Strophoid,
2 20+x
V=¥
27. Hypocycloid (astroid),
{x:a cos’t,
y=asin®¢
X 2 2
26. Cyclbid, or 1%y’ =ad.
x=a (t —sin t), Y
{ y=a(l—cost). f
——
(A
0 £ - 2t P(x,y)
28. Cardioid, 29. Evolvent (involute) of the circle

r=a(l+cos ). x=a (cost+tsint),
y=a(sin{—?cos ).
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ax

M [2on

o30. Spiral of Archimedes, 31. Hyperbolic spiral,

> ). 2

32. Logarithmic spiral, 33. Three-leafed rose,
r=¢%, r =a sin 3¢.

34. Four-leafed rose,
r=asin2q,



INDEX

A

Absolute error 367
Absolute value
of a real number 11
Absolutely convergent series 296, 297
Acceleration vector 236
Adams' formula 390
Adams’ method 389, 390, 392
Agnesi
Witch of 18, 156, 480
Algebraic functions 48
Angle between two surfaces, 219
Angle of contingence 102, 243
An2;£11e of contingence of second kind
3
Antiderivative 140, 141
generalized 143
Approximate numbers 367
addition of 368
division of 368
multiplication of 368
powers of 368 .
roots of 368
subtraction of 368
Approximation
successive 377, 385
Arc length of a curve 158-161
Arc length of a space curve 234
Archimedes
spiral of 20, 65, 66, 105, 487
Area in polar coordinates 155, 256
Area in rectangular coordinates 153,
256
Area of a plane region 256
Area of a surface 166-168, 259
Argument 11
Astroid 20, 63, 105, 486
Asymptote 93
left horizontal 94
left inclined 94
right horizontal 93
right inclined 93
vertical 93

B

Bending point 84
Bernoulli’s equation 333
Bernoulli’s lemniscate
Beta-function 146, 150
Binormal 238

Boundary conditions 363

155,

Branch of a hyperbola 20, 480

Broken-line method
Euler’s 326

C

Cardioid 20, 105, 486
Catenary 104, 105, 484
Catenoid 168
Cauchy’s integral test 295
Cauchy’s test 293, 295
Cauchy’s theorem 75, 326
Cavalieri’s “lemnon” 165
Centre of curvature 103
Change of variable 211-217
in a definite integral 146

in a double integral 252-254
in an indefinite integral 113

Characteristic equation 356
Characteristic points 96
Chebyshev’s conditions 127
Chord method 376
Circle 20, 104
of convergence 306
of curvature 103
osculating 103

Circulation of a vector 289

Cissoid 232

of Diocles 18, 485
Clairaut’s equation 339
Closed interval 11
Coefficients

Fourier 318, 393, 394

Comparison test 143, 293, 294

Composite function 12, 49
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Coneave down 91
Concave up 91
Concavity
direction of 91
Conchoid 232
Condition
Lipschitz 385
Conditions
boundary 363
Chebyshev’s 127
Dirichlet 318, 319
initial 323, 363
Conditional extremum 223-225
Conditionally (not absolutely)
convergent series 296
Contingence
angle of 102, 243
Continuity of functions 36
Continuous function 36
L .
proper.es of 38
Convergence
circle of 306
interval of 305
radius of 305
region of 304
uniform 306
Convergent improper
270
Convergent series 293
Coordinates
of centre of gravity 170
generalized polar 255
Correct decimal places in a hroad
sense 367
Correct decimal places in
a narrow sense 367
Cosine curve 481
Cotangent curve 48l
Coupling equation 223
Critical point of the second kind 92
Critical points 84
Cubic parabola 17, 105, 234, 480
Curl of a vector field 288
Curvature
centre of 103
circle of 103
of a curve 102, 242
radius of 102
second 243
Curve
cosine 481
cotangent 481
discriminant 232, 234
Gaussian 92
integral 322
logarithmic 484

integral 143,

probability 19, 484
sine 481
tangent 481

Cusp 230

Cycloid 105, 106, 486

D

D’Alembert’s test 295
Decreasing function 83
Definite integral 138
Del 288
Dependent variable 11
Derivative 43

left-hand 44

logarithmic 55

nth 67

right-hand 44

second 66
Derivative of a function

in a given direction 193
Derivative of functions

represented parametrically 57
Derivative of an implicit functicn 57
Derivative of an inverse function 57
Derivative of the second order €6
Derivatives

of higher orders 66-69

one-sided 43

table of 47
Descartes

folium of 20, 21, 232, 485
Determinant

functional 264
Determining coefficients

first method of 122

second method of 122
Diagonal table 389
Difference of two convergent

series 298
Differential

of an arc 101, 234

first-order 71

higher-order 198

principal properties of 72

second 198

second-order 72

total, integration of 202-204
Differential equation 322

homogencous linear 349

inhomogeneous linear 349
Differential equations

first-order 324

forming 329

higher-order 345

linear 349, 351
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Differential equations of higher powers
first-order 337
Differentials
method of 343
of third and higher orders 72
Differentiating a composite function
47
Differentiation 43
of implicit functions 205-208
tabular 46
Diocles
cissoid of 18, 485
Direction of concavity 91
Direction field 325
Dirichlet
conditions 318, 319
function 40
series 295, 296
theorem 318
Discontinuity 37
of the first kind 37
infinite 38
removable 37
of the second kind 38
Discontinuous function 270
Discriminant 222
Dicriminant curve 232, 234
Divergence of a vector field 288
Divergent improper integral 143, 270
Divergent series 293, 294
Domain 11
Domain of definition 11
Double integral 246
in curvilinear coordinates 253
in polar coordinates 252
in rectangular coordinates 246
Double point 230

Elimination

method of 359
Ellipse 18, 20, 104, 485
Energy

kinetic 174
Envelope

equations of 232

of a family of plane curves 232
Epicycloid 283
Equal effects

principle of 369
Equation

Bernoulli’s 333

characteristic 356

Clairaut’s 339

coupling 223
differential 322
Euler’s 357
exact differential 335
first-order differential 324
homogeneous 330, 351, 356
homogeneous linear differential 332,
349
inhomogeneous 349, 351, 356
Lagrange’s 339
Laplace’s 289, 291
linear 332
of a normal 60, 218
of a tangent 60
of a tangent plane 218
with variables separable 327 328
Equivalent functions 33
Error
absolute 367
limiting absolute 367
limiting relative 367
relative 367
Euler integral 146
Euler-Poisson integral 272
Euler’s broken-line method 326
Euler’s equation 357
Even function 13
Evolute of a curve 103
Evolvent of a circle 486
Evolvent of a curve 104
Exact differential equation 335
Exponential functions 49, 55, 483
Exbremal point 84
Extremum
conditional 223-225
of a function 83, 83, 222

F

Factor
integrating 335
Field
direction field 325
nonstationary scalar or vector 288
potential vector 289
scalar 288
solenoidal vector 289
Field (cont)
stationary scalar or vector 288
vector 288
Field theory 288-292
First-order differential 71
First-order differential equations 324
Flow lines 288
Flux of a vector field 288
Folium of Descartes 20, 21, 232, 485
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Force lines 288
Form
Lagrange’s 311
Formula
Adams’ 390
Green’s 276, 281, 282
Lagrange’'s 145
Lagrange’s interpolation 374
Leibniz 67
Maclaurin’s 77, 220
Newton-Leibniz 140, 141, 275
Newlon’s interpolation 372
Ostrogradsky-Gauss 286-288
parabolic 382
Simpson’s 382-384
Stokes’ 285, 286, 289
Taylor's 77, 220
{rapezoidal 382
Formulas
reduction 130, 135
Fourier~ coefficients 318,
Fourter series 318, 319
Four-leafed rose 487
Fraction
proper rational 121
I'unction 11
composite 12, 49
continuous 36
continuous, properties of 38
decreasing 83
Dirichlet 40
discontinuous 270
even 13
of a function 12
imphicit 12
increasing 83
Lagrange 223, 224
multiple-valued 11
periodic 14
single-valued 11
vector 235
Functional determinant 264
Functional series 304
Functions
algebraic 48
equivalent 33
cxponential 49, 55, 483
hyperbolic 49, 484
hyperbolic, integration of 133
inverse 12
Functions (cont)
inverse circular 48
inverse hyperbolic 49
inverse trigonometric 482, 483
linearly dependent 349
linearly independent 349

393, 394

logarithmic 49 )

transcendental, integration of 135

trigonometric 48

trigonometric, integrating 128, 129
Fundamental system of solutions 349

G

Gamma-function 146, 150

Gaussian curve 92

General integral 322

General solution 359

General solution (of an equation) 323
General term 294

Generalized antiderivative 143
Generalized polar coordinates
Geometric progression 293, 294
Gradient of a field 288

Gradient of a function 194, 195
Graph of a function 12

Greatest value 85, 225, 227
Green's formula 276, 281, 282
Guldin's theorems 171

255

H

Hamultonian operator 288
Harmonic series 294, 296, 297
Higher-order differential 198
Higher-order differential equations 345
Higher-order partial derivative 197
Hodograph of a vector 235
Homogeneous equations 330, 351, 356
Homogeneous linear differential
equation 332, 349
Hyperbola 17, 18, 20, 485
rectangular 480
Hyperbolic functions 49, 484
integration of 133
Hyperbolic spiral 20, 105, 487
Hyperbolic substitutions 114, 116, 133
Hypocycloid 283, 486

Implicit function 12
Improper integral

convergent 270

divergent 270
Improper multiple integrals 269, 270
Incomplete Fourier series 318, 319
Increasing function 83
Increment of an argument 42
Increment of a function 42
Independent variable 11
Indeterminate forms

evaluating 78, 79
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Infinite discontinuities 38
Infinitely large quantities 33
Infinitely small quantities 33
Infinites 33
Infinitesimals 33
of higher order 33
of order n 33
of the same order 33
Inflection
points of 91
Inhomogeneous equation 349, 351, 356
Inhomogeneous linear differential
equation 349
Initial conditions 323, 363
Integral 322
convergent improper 143
definite 138
divergent improper 143
double 246
Euler 146
Euler-Poisson 272
general 322
improper multiple 269, 270
line 273-278
particular 322
probability 144
singular 337
surface 284-286
triple 262
Integral curve 322
Integral sum 138
Integrating factor 335
Integration
basic rules of 107
under the dilferential sign 109
direct 107 ’
by parts 116, 117, 149
path of 273, 274, 280
region of 246-248
by substitution 113
Integration of differential equation
by means of power series 361, 362
Integration of functions
numerical 382, 383
Integration of ordinary differential
equation
numerical 384-393
Integration of total differentials 202-
204
Integration of transcendental functi-
ons 135
Interpolation
of functions 372-374
inverse 373
linear 13, 372
quadratic 372

Interpolation formula
Lagrange's 374
Newton’s 372
Interval
of calculations 382
closed 11
of convergence 305
of monotonicity 83
Interval (cont)
open 11
table interval 372
Inverse circular functions 48
Inverse functions 12
Inverse hyperbolic functions 49
Inverse interpolation 373
Inverse trigonometric functions 482,
483
Involute of a circle 20,
Involute of a curve 104
Isoclines 325
Isolated point 230
Iterative method 377, 378 380

106, 486

J
Jacobian 253, 264
K
Kinetic energy 174
L

Lagrange’s equation 339
Lagrange’s form 311
Lagrange’s formula 145
Lagrange’s function 223, 224
Lagrange’s interpolation formula 374
Lagrange’s theorem 75
Laplace equation 289, 291
Laplace transformation 271
Laplacian operator 289
Lamina
coordinates of the centre of gravity
of a, 261
mass and static moments of a 260
moments of inertia of a 261
Least value 85
Left-hand derivative 44
Left horizontal asymptote 94
Left inclined asymptote 94
Leibniz rule 67, 269
Leibniz test 296, 297
Lemniscate 20, 105, 232
Bernoulli’s 155, 486
Level surfaces 288
L’Hospital-Bernoulli

rule 78-82
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Limagon
Pascal’s 158
Limit of a function 22
Limit on the left 22
Limit on the right 22
Limit of a sequence 22
Limiting absolute error 367
Limiting relative error 367
Limits
one-sided 22
Line
straight 17, 20
Line integral
application of 276, 283
of the first type 273, 274, 277, 278
Line integral of the second type 274,
275, 278-281
Linear differential equations 349, 351
Linear equation 332
Linear interpolation 372
of a funrtion 13
Linearly dependent functions 349
Linearly independent functions 349
Lines
flow 288
force 288
vector 288
Lipschitz condition 385
Logarithmic curve 484
Logarithmic derivative 55
Logarithmic functions 49
Logarithmic spiral 20, 21, 105, 106,
487

M

Maclaurin's formula 77, 220
Maclaurin’s series 311, 313
Maximum of a function 84, 222
Maximum point
Mean value of a function 151
Mean-value theorems 75, 150
Mean rate of change 42
Method
Adams’ 389, 390, 392
chord method 376
of differentials 343
of elimination 359
Method (cont)
Euler’s broken-line 326
iterative 377, 378, 380
Milne's 386, 387, 390
Newton’s 377, 379
Ostrogradsky 123, 125
Picard’s 384, 385
reduction 123
Runge-Kutta 385-387, 390

of successive approximation 384,
385, 389
of tangents 377
of undetermined coefficients 121, 351
of variation of parameters 332, 349,
352
Minimum of a function 84, 222
Minimum point 84
Mixed partial derivative 197
Moment
of inertia 169
static 168
Monotonicity
intervals of 83
Multiple-valued function 11
Multiplicities
root 121

N

nth derivative 67
Nabla 288
Napier’'s number 28
Natural trihedron 238
Nec(essary condition for convergence
293
Necessary condition for an extremum
222
Newton
trident of 18
Newton-Leibniz formula 140, 141, 275
Newton's interpolation formula 372
Newton’s method 377, 379
Newton’s serpentinc 18
Niele’s parabola 18, 234, 48l
Node 230
Nonstationary scalar or vector field 288
Normal 217
to a curve 60
equations of 218
principal 238
Normal plane 238
Number
Napier’s 28
real 11
Number series 293
Numerical integration of functions 382,
383
Numerical integration of ordinary
differential equations 384-393

0

One-sided derivatives 43
One-sided limits 22
Open interval 11
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Operator

Hamiltonian 288

Laplacian 289
Order of smallness 35
Orthagonal surfaces 219
Orthagonal trajectories 328
Osculating circle 103
Osculating plane 238
Ostrogradsky-Gauss formula 286-288
Ostrogradsky-Gauss theorem 291
Ostrogradsky method 123, 125

P

Parabola 17, 20, 104, 105,
cubic 17, 105, 234
Niele’s 18, 234, 48l
safety 234
semicubical 18, 20, 234, 481

Parabolic formula 382

Parameters
variation of 332, 349, 352

Parametric representation of
a function 207

Partial derivative
hirheg-order 197
“mixed” 197
second 197

Partial sum 293

Particular integral 322

Particular solution 339

Pascal’s limagon 158

Path of integration 273, 274, 280

Period of a function 14

Periodic function 14

Picard’s method 384, 385

Plane
normal 238
osculating 238
rectifying 238
tangent 217

Point
bending 84
critical (of the second kind) 92
of discontinuity 37
double 230
extremal 84
of inflection 91
isolated 230
maximum 84
minimum 84
singular 230
stationary 196
of tangency 217

Points
characteristic 96

480, 485

critical 84

stationary 222, 225
Polar subnormal 61
Polar subtangent 61
Potential (of a field) 289
Potential vector field 289
Power series 305
Principal normal 238
Principle

of equal effects 369

Runge 383, 386

of superposition of solutions 353
Probability curve 19, 484
Probability integral 144
Product of two convergent series 298
Progression

geometric 293, 294
Proper rational fraction 121
Proportionate parts

rule of 376

Q

Quadratic interpolation 372
Quadratic trinomial 118,
Quantity
infinitely large 33
infinitely small 33

119, 123

R

Radius of convergence 305
Radius of curvature 102, 243
Radius of second curvature 243
Radius of torsion 243
Rate of change

of a function 43

mean 42
Ratio (of a geometric progression) 294
Real numbers 11
Rectangular hyperbola 480
Rectifying plane 238
Reduction formulas
Reduction method 123
Region of convergence 304
Region of integration 246-248
Relative error 367
Remainder 311
Remainder of a series 293, 304
Remainder term 311
Removable discontinuity 37
Right-hand derivative 44
Right horizontal asymptote 93
Right inclined asymptote 93
Rolle’s theorem 75
Root multiplicities 121

130, 135, 150
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Rose

four-leafed 487

three-leafed 20, 487
Rotation (of a vector field) 288
Rule

Leibniz 67, 269

I’Hospital-Bernoulli 78-82

of proportionate parts 376
Runge-Kutta method 385-387, 390
Runge principle 383, 386

S

Safety parabola 234
Scalar field 288
Scheme
twelve-ordinate 393-395
Second curvature 243
Second derivative 66
Second differential 198
Second-ordef differential 72
Second partial derivative 197
Segment of the normal 61
Segment of the polar normal 61
Segment of the polar tangent 61
Segment of a straight line 20
Segment of the tangent 61
Semicircle 20
Semicubical parabola 18, 20, 234, 481
Series
absolutely convergent
with complex terms 297
conditionally (not absolutely)
convergent 296
convergent 293
Series (cont)
Dirichlet 295, 296
divergent 293, 294
Fourier 318, 319
functional 304
harmonic 294, 296, 297
incomplete Fourier 318, 319
Maclaurin’s 311, 313
number series 293
operations on 297
power 305
Taylor’s 311, 313
Serpentine
Newton’s 18
Simpson’s formula 382-384
Sine curve 48l
Single-valued function 11
Singular integral 337
Singular point 230
Slope (of a tangent) 43
Smallest value 225, 227

296. 297

Solenoidal vector field 289
Solution (of an equation) 322
general 323, 359
particular 339
Spiral
of Archimedes 20, 65, 66, 105, 487
hyperbolic 20, 105, 487
logarithmic 20, 21, 105, 106, 487
Static moment 168
Stationary point 196, 222, 225
Stationary scalar or vector field 288
Stokes’ formula 285, 286, 289
Straight line 17, 20
Strophoid 157, 232, 234, 486
Subnormal 61
polar 61
Substitutions
hyperbolic 114, 116, 133
trigonometric 114, 115, 133
Subtangent 61
polar 61
Successive approximation 377, 385
method of 384, 385, 389
Sufficient conditions (for an extremum)
222
Sum
integral 138
partial 293
of a series 293, 304
of two convergent series 298
Superposition of solutions
principle of 353
Surface integral of the first type 284
Surface integral of the second type 284
Surface integrals 284-286
Surfaces
level 288
orthogonal 219

T

Table

diagonal table 389

of standard integrals 107
Table interval 372
Tabular differentiation 46
Tacnode 230
Tangency

point of 217
Tangent 238
Tangent curve 481
Tangent plane 217

equation of 218
Tangents

method of 377
Taylor’s formula 77, 220
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Taylor’s series 311, 313 computing volumes by means of 268
Term evaluating a 265
general 294 in rectangular coordinates 262
remainder 311 Trochoid 157
Test Twelve-ordinate scheme 393-395
d’Alembert’s 295
Cauchy’s 293, 295 U
Cauchy’s integral 295 . .
comparison 143, 293, 294 Undetermined coefficients
Leibniz 296, 297 method of 121, 351
Weierstrass® 306 Uniform convergence 306
Theorem
Cauchy’s 75, 326 \'

Dirichlet’s 318
Theorem (cont)
Lagrange's 75

Value
greatest 85, 225, 227

1 least 85
gf,tﬁgg;afssky'(”“ss 291 mean (of a function) 151, 252
Theorems smallest 225, 227
Variable

Guldin’s 171

mean-value 75, 150 dependent 11

independent 11

Theory Vanoep L
field 288-292 ariables separable
- an equation with 327, 328
%ngieorlleaézg rose 20, 487 zariation of parameters 332, 349, 352
i ector
H:‘c:{igrilegl acceleration 236
! of binormal 238

orthogonal 328 S
. of principal normal 238
Transcendental functions of tangent line 238

integration of 135 velocity 236

Transformation Vector field 288

Laplace 271 Ve :
A ctor function 235
Trapezoidal formula 382 Vector lines 288

Trident of Newton 18 b
Trigonometric functions 48 xel‘t)mtyr\'edor 236
integrating 128, 129 ertex of a curve 104

Trigonometric substitutions 114, 115, yertical asymptote 93

133 . .

! Volume of a cylindroid 258
Tr;]};?ﬁrrg? 238 Volume of :olids 161-166
Trinomial W

quadratic 118, 119, 123
Triple integral 262 Weierstrass' test 306

applications of 265, 268 Witch of Agnesi 18, 156, 480

change of variables in 263 Work of a force 174, 276, 277



